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Discontinuous Fractal Interpolation
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Abstract

The fractal interpolation functions provide curves whose graph has generally a
non-integer dimension. They own other characteristics as the interpolation of a set
of data and the continuity. In this paper, the latter conditions are omitted, defining
discontinuous fractal functions passing close to (but not necessarily through) the
given data.

In a second part of the article we define affine fractal functions not linked to two-
dimensional data. To do this we use the methodology of iterated functions systems.
They are composed of a finite set of contractive affinities whose attractor is related to
the graph of a bounded function. In this way the paper introduces a very large class
of affine fractal functions which are generally discontinuous (though they contain the
classical continuous case as a particular case) and whose relevance is not based only

on the approximation.
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1 Introduction

The most popular methods of data interpolation are polynomial, linear and spline. These proce-
dures cannot describe the fine microscopic and irregular structure of some experimental, natural
and social variables. In this regard (and in many others), the creation of the Fractal Theory by

B. Mandelbrot has been truly revolutionary.

Fractal Interpolation Functions (denoted in the text by FIFs), defined by Iterated Function
Systems ([§]), provide new methods to model measurable natural phenomena, and new ways of
data processing and visualization. This kind of systems generates a class of functions, whose
graphs agree with the attractor associated to the system. The difference with the standard
mappings is the creation of very complicated geometries with a few elements. The most well-
known and used is definitely the affine case, called in some texts linear fractal interpolation (see
for instance [2]). Classical references on this matter are [2], [7], [5], [I7], etc. that analyze the
properties of differentiability and smoothness of the affine FIFs. The article [3] proposes a gen-
eralization of the model to higher dimensions. In the reference [6], the authors study the range
of values of some particular cases, in terms of the elements of the system, and many papers deal

with the stability of the coefficients. A more general scenario is developed in [4].

An important open question is the resolution of the ”inverse problem”, that is to say, how to
compute the coefficients of the system in order to mimic a set of data. A suitable reference is
that of Mazel & Hayes ([10]), that use an analytical approach to compute contraction factors
(special coefficients of the system). Zhou et al. ([I8]) propose a method of signal forecast using
self-affine linear mappings where the contraction factors follow an auto-regressive process. The

procedure is applied to simulate Weierstrass-Mandelbrot maps and real radar sea clutter data
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(see also [9] for this topic). The number of experiments related to the affine fractal model is
very large and difficult to summarize. For instance, the applications to data compression are
numerous (one example is given in [I]). Our team has used this kind of procedures for electroen-

cephalographic processing ([13]).

The fractal functions may bridge the gap between deterministic and random variables. This
kind of maps provide a nice framework for natural and social phenomena far from smoothness
and periodicity (see for instance [12], [L1]). For many stochastic processes, a model with conti-
nuity hypothesis may not be acceptable. In terms of Mandelbrot ([12]): ”If the requirement of
continuity is abandoned, many other interesting self-similar processes suggest themselves. One
may for example replace B(t) (Brownian motion) by a non-Gaussian process whose increments
are stable in the sense of Paul Lévy”. Thus discontinuity adds ”degrees of freedom” to the

modelling of experimental variables.

The graph of the affine fractal interpolation functions has a self-similar structure that can
be quantified by means of a fractal dimension. Besides this feature, these maps possess two
characteristics:

- Interpolation of a set of data and

- Continuity.

In this paper, we omit both conditions, defining discontinuous functions by means of affinities
of the plane, passing close to (but not necessarily through) the given data.

The curve obtained approximates the set as far as desired, and this fact suggests the definition
of affine functions not linked to two-dimensional data. The paper introduces a very large class
of affine fractal functions which are generally discontinuous (though they contain the classical

continuous case as a particular case) and whose importance is not based only on approximation.
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The nonlinear case has been treated in the reference [16].

2 Fractal Approximation Functions

The affinities in the plane are classical in fractal theory because they helped to define the first
fractal sets. For instance, the Koch’s curve K C R? can be decomposed as K = Ufllen, where
every K, is similar to the total curve K. Accordingly there exist contractivities wy, (n = 1,...,4)
such that w,(K) = K,, and

4
The transformations w,, are affinities defined as

wilto) = (5,3)

t cos(60) — xsin(60) + 1 ¢sin(60) + x cos(60)

wa(t,x) = (

3 ’ 3
tcos(60) + zsin(60) 1 —tsin(60) + 2 cos(60) /3
t+2 x
t2) = (—=, 2.
w4( ,JT) ( 3 3)

Something similar happens in the Sierpinski’s triangle, etc.
In the systems studied by Barnsley, and others. ([2]) the first component of the affinities depends

only on ¢:

wp(t,z) = (Ln(t), Fu(t, z)).

These maps are associated to a real compact interval I = [a,b], a partition A : a = tg < t; <
... <ty =band aset of data D = {(tn, zs)})_o. The functions L,, transform I in I, = [t,_1,tp)].
Any initial point (in fact any set) is taken to the subinterval I,, for the application of w,,
(regarding the first coordinate). The iterated images by a sequence of w/, s tend to attracting

points which depend only on the path (choice of the successive affinities), and take part of a
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curve of the plane which can be univocally represented as x = f(t) for any ¢ € I. The function

f is called a Fractal Interpolation Function (FIF). The join-up conditions:
Ln(tO) — tTL*l) Ln(tN) — tn» (21)

Fn(t(),.iUO) = Tn—1, Fn(tN,fUN) = Tn, (22)

make f continuous.

If F,(t,z) = anx + qo(t) where q,(t) = 2t + d2, the function f is called an Affine Fractal
Interpolation Function (AFIF). The parameter o = (a,))_; is the scale vector of the system,
and represents the vertical contractivity factors of the transformations. The conditions (2.2)

determine the values of the coefficients 2 and d° in terms of the data and the scale factors:

0 Tp — Tn—1 TN — X0
c, = -« 2.3
"ty —to "ty —to’ (23)
tNSU -1 —tol‘ tNl‘o —toﬁN
o == " ay, : (2.4)
tn —to tn —to

Figure 1 represents an Affine Fractal Interpolation Function in the interval I = [0, 1] with scale
vector a = (0.2, —0.2,0.3,0.1, —0.1). The data are {(0,0.5),(0.2,3), (0.4,1),(0.6,1.4), (0.8,2),(1,0)}.
In this article the conditions (2.2) on F;, are weakened, considering a more general iterated

function system.

As said before, let us consider a compact interval I = [a,b], a partition A :a =ty < t; < ... <

ty = b and a set of real data D = {(t,, z,)}.

n=0"

Let ¢ > 0 be fixed. The purpose of this Section is to construct a fractal function f (not

necessarily continuous) such that

|f(tn) —an| <6,  VYn=0,1,...N. (2.5)
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Figure 1: Graph of an affine fractal interpolation function of a set of data in the interval I=[0, 1].

For it let us consider the metric space:

QD7E = {f c B(I) : ’f(tz) — .%'Z’ <e for ¢ = 0, N}, (2.6)

where B(I) is the Banach algebra of bounded functions on I, with the supremum (or uniform)

norm:

[flloo = sup{[f(£)| : t € I}.

Proposition 2.1. Gp . is a complete metric space with respect to the uniform norm.

Proof. The subspace Gp . is complete because is closed. To prove this, let us consider a sequence
gm € Gp,e converging to g € B(I). In this case, gn(t;) converges to g(t;), for i = 0, N. Since
gm(ti) belongs to the closed ball B(xz;,€) in the real line for all m, the limit g(#;) belongs to it

too, and consequently g € Gp . O
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Let L,, n € {1,2,..., N}, be contractive affinities such that:

Ln(tO) = tn—h Ln(tN) = tn;

and F,(t,x) = a(t)r + ¢,(t) where a € B(I), ||a|lcc < 1 and g (t) = c,t + dy, satisfying

[Eult,an) = ol = la(ty)ay + galty) = 2al < 3. (2.7)
forn=1,2,...,N,
|1 (o, z0) — wo| = |a(to)zo + q1(to) — 2ol < %’ (2.8)
and
la(ti)] < 1/2, (2.9)
for i =0, N.

The inequalities (2.7)) and (2.8)) generalize the join-up conditions ([2.2)) of the affine continuous

case, where ¢ = (0. The scale constants v, of the classical case are replaced here by a function

a(t).

Let us consider now the operator 7" : Gp « — Gp e defined as

Ty(t) = Fa(Ly (1), 9 0 Ly (1)), (2.10)

that is to say

Ty(t) = a(Ly ' (t))g 0 Ly (1) +an 0 Ly, (8), (2.11)

for t € I,,. The intervals I,, are defined as I,, = (t,—1,t,) forn =2,..., N, and I} = [to, t1].

Let us see that 7" is well defined. If g € Gp , since ty € I3,

Tg(to) = a(Ly*(to))g o LT (to) + q1 o LT (to),
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and thus
|T'g(to) — wo| = |a(to)g(to) + q1(to) — ol
< a(to)llg(to) — zo| + |a(to)ro + q1(to) — o

<e

—_ )

due to (2.9), the definition of Gp . and the condition (2.8]). Similar arguments provide the
inequality

Tg(tn) —on| <,

and consequently T'g € Gp .

Let us see that T is a contraction in Gp . If ¢t € I,,

Tg(t) = Tg' ()] = la(L, ()l|(g = ¢') o L, (1)
then
Tg(t) = Tg' ()| < llellollg — 9lloo
and thus
ITg — T4 oo < llellcllg — 9'lloc-

Since T' is contractive on the complete space Gp ., it admits a unique fixed point, denoted by

fD75. The equation satisfied by this map is

Fo.e(t) = a(L (8)) fpe o Ly () + gn o Ly (1), (2.12)

for t € I,.

Definition 2.2. The map fD7e is a fractal approximation function (FAF) of D with respect to

the mapping «, the tolerance € and the operator T defined through the maps Ly, F,.
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For simplicity the function ]}VD76 will be denoted by f This map need not be continuous but
only bounded on the interval I. If we consider ¢ = 0, o continuous (or piecewise constant on
the subintervals I,,) and the space Gp contained in C|a, b], the fractal approximation function

is continuous.

The fractal approximation functions generalize the fractal interpolation functions addressed,

for instance, in the reference [14], considering a much more general approach (weaker join-up

conditions (2.7), (2.8) and a wider space of functions).

Proposition 2.3. The FAF f satisfies the following approximation inequalities on the nodes of

the partition:
|f(tn) - mn| <€

foralln=0,1,2,... N.

Proof. The fixed point equation (2.12)) is equivalent to:

f(Ln(t)) = Fn(ta f(t))v (2'13)

for any t # to (Ln(to) = tp—1 € In—1). Taking t = tn,

f(tn) = f(Ln(tn)) = Fu(ty, f(EN)),

forn=1,2,..., N. Therefore,

|F(t) = @al = [Fultn, F(EN)) = @n] = [a(tn) F(EN) + gn(tn) = @al,

Then

[f(tn) = @al < Ja(tn)|If () — an| +la(ty)on + go(tn) — o0l

[F(t) = al < |f(tN) = on1/2+ | Faltn, ox) = 2,
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and

|f(tn) —an| <€

forn=1,2,... N, due to the definition of Gp ¢ (2.6)), and the conditions (2.7)) and (2.9).

Since fe OD.c,

| f(to) — ol < e
O

If we consider € = 0 in the set (2.6)) and in conditions (2.7)) and ({2.8)), we have the interpolatory

(not necessarily continuous) case, and the hypothesis (2.9) is not necessary.

2.1 Discrete Case in the Scale Function

Let us consider now the standard case where the map « is replaced by a vector composed of N

constant scale factors, i.e., a(t) = o, € R in the map F,, and let us define
|atoo = max{|ay,|:n=1,2,..., N}

Definition of the coefficients of ¢,:

If we consider the maps ¢2(t) = 2t + d¥ with the join-up conditions of continuous fractal
interpolation:

F,?(tN,xN) = Tn,
F2(to, z0) = Tn—1,

the coefficients ¢, d° are given by the expressions (2.3) and (2.4)) (see for instance [14]).

Let us assume the same scale factors a, in both systems (continuous (F?) and discontinuous

(F,)) and let us see how to choose ¢y, d, to satisfy (2.7) and (2.8) :

)

lgn(tn) — an(tn)| = [(Fu(ty, 2n) — 2n) — (B (tn, on) — 20)| <

N ™
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due to (2.7). It suffices to choose

|4n (tn) = an(tn)] = [(en — )t + (dn — dp)| <

DO ™

If ty =1, one can take |c, — 2| < ¢/4, |d, — d°| < €/4.

Figure 2 represents a discontinuous fractal approximation of the data
{(0,3.3),(0.1,2.9), (0.2,3.5),(0.3,3.6), (0.4, 2.3), (0.5, 3.8),

(0.6,3.9),(0.7,3.7),(0.8,3.4),(0.9,3.3), (1,3)}
with scale vector
a=(-0.3,0.3,0.2,0.3,—-0.2,0.3,—0.3,0.2,0.2, —0.3),

along with the polygonal joining the data. The coefficients ¢, and d,, were defined as ¢, = 2+,

dy, = dO + n,, where v, and 7, were randomly chosen satisfying |1/,,| < 0.5 and |n,| < 0.5.

We deduce now upper limits of the distance between f~‘ and the polygonal gg whose vertices

are the data (£, 2y), in order to bound the range of f.

Proposition 2.4. For allt € I,
Ty(t) = go(t) + anlg —r) o Ly (t) + (en — )Ly (1) + (d — dy),

where go(t) is the polygonal whose vertices are the data (t,,xy,), r is the line joining (to, xo) and

(tn,zn) and &, dO are defined by the expressions and .

Proof. The following function is the line passing through (t,—1,z,—1) and (¢,,zy) :

In — Tn—-1 71( ) tNTp—1 — toTy
tvn—to " tn—to
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Figure 2: Graph of a fractal approximation function of a set of data, along with the polygonal joining

them in the interval I=[0, 1]

The line through the extreme data has the expression

TN — X tnxo — tox
r(t) = N 0, NTo — toTN
tny —to ty —to

Then, for t € I,, (2.11),

_ Tp — Tn-1y ,_ tNTp-1 — tox
Ty(t) = go(t) = ang o L (1) + (en = =50 1 (1) 4 (d — 7= 050),

The equalities (2.3) and ([2.4)) imply

TN — X0, _ tnzo — torn
)_ n( l(t) )

Tg(t) = go(t) = ango L' (8) + (cn — ) Ly (1) + (dy — d, tn —to

and thus

Tg(t) = go(t) + (cn — )Ly (1) + (dn — dp) + (g — 1) 0 L (t).
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Corollary 2.5. The following inequality holds
If = golloe < lerloolf = rlloe + max|en — [tx]| +max|dy — d.

Proof. According to the previous Proposition, the fixed point equation of the fractal function ]7

can be written for t € I,, as
Ft) = g0(t) + an(F = 1) 0 L (8) + (cn — )L () + (dn — dF),
then

£ = go(®)] < lanlllf = rlloo + |(en — )L (£) + (d — dI)|

and we obtain the result proposed. ]

Proposition 2.6. The uniform distance between the fractal function ]7 and the polygonal gg

joining the data is bounded as

Yltn| 46
1 —|ofso ’

o] o

2Xmaa: +
1 — ol

Hf - gOHoo <
where Xmae = max,{|z,|}, v = max, |c, — | and § = max, |d, — d¥|.

Proof. According to the previous Corollary

1 = gollee < leloo(llf = golloo + [l90 = 7lloc) + [tn] + 4,

and thus

Yltn |+
1 —|ofoo ’

~ «
17~ goll < 21

o vl t
o

obtaining the result. O
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3 Discontinuous Affine Fractal Functions

We consider in this Section the definition of iterated function systems wy, (¢, z) = (Ln(t), Fn(t, x))
related to a partition A :a =1ty < t; < ... <ty =b, where N > 1, of an interval I = [a,b], but
not related to a set of two-dimensional data.

That is to say, L, is still an affine map L,(t) = ant + b, preserving the join-up conditions

L, (to) = tn—1 and Ly, (tx) = t,, but we omit the join-up conditions on F,, (2.7) and ([2.8]).

We consider then a compact I x C, where C' is a real closed bounded interval and a partition

of I, Ata=ty<ti <...<ty=>b, where N > 1. The maps F}, : I x C — R are defined as
Fo(t,z) = a(t)r + qu(1),

and ¢, (t) = cpt+d,, does not satisfy any special condition (that is to say ¢, and d,, are arbitrary

real numbers).

Three questions arose:

1. Does the new system own an attractor?

2. If yes, is it still the graph of a function defined on the interval I?
3. In the positive case, is it a continuous mapping?

To answer the first question let us prove that, with some hypotheses on «, the system (wy,) is

contractive with respect to a given metric.

Proposition 3.1. If o : I — R satisfies a Lipschitz condition:

la(t) — a(t)] < plt — 1], (3.14)
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for t,t' € I (this restriction is trivially fulfilled in the discrete case where a(t) = a, € R in the
definition of Fy,), and ||a|le < 1, the system is hyperbolic (wy is contractive with respect to a

given metric).

Proof. Let us define the distance in R?
dr((t,2), (t',2") = [t = t'| + Nz — 2],
for A > 0. Then
dx(wn(t, ), wn (', 27)) = [Ln(t) = Ln(t)] + Aa(t)z + qn(t) — a(t')2’ — ga(t))].

dx(wn(t, 2), wa(t', 2")) < anllt — '] + Aen||t = '] + Ma@®)]|z — 2| + Al2"[|a(t) — a(t')].
Let us denote h = max,, |a,|. The constant h is the maximum of the quantities

a :tn_tn—l
n tN_tO’

according to the join-up conditions of L, (2.1]), and is lower than 1 because N > 1.
Let us define v = maxy, |cy|, and k& > |z| for all x € C. Then, bearing in mind the inequality
(13.14]),

dy(wa(t 2), wa(t',2)) < (h+ Xy + Nkp) [t — '] + Mool — 2.

Let us take now
1—-h
)\ —

-~ >0.
2(y + kp)

We have
/ / h+ 1 / /
d(wp (t, ), w, (', 2")) < (T)|t — |+ Moo |z — 27,

r(wn(t, ), wn(t' ")) < maxf (50), o} (1, 2), ().

Consequently if « satisfies a Lipschitz condition and ||a||s < 1 the system is hyperbolic. O
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The hyperbolicity of (wy,) implies the existence of an attractor A C R?, and the first question
is answered. The existence of the set A is independent of any data {(t,,zy)}. This is the

difference with respect to the previous setting (Section 2).

Our second concern is the following: Is still A the graph of a function f: 1 —R?
Let us consider the set valued contractive map W : I — K, where K is the family of compact

subsets of I x C' defined as

N
W(K) = | wa(K),

n=1

for K € K.

Let us define, as in previous Sections, an operator 1" : B(I) — B(I), expressed as
Tg(t) = Fu(Ly (1), 90 Ly (1) = oLy ()9 © Ly (8) + @m0 Ly ' (1),

for t € I,,. The subintervals I,, are defined as in Sec. 2. We assume the standard condition
laljco < 1 on the scale function.

Even for g continuous, T'g can be discontinuous since F;, does not verify any join-up condition.
As in former Sections, T is contractive and, since B([) is complete, there is a fixed point f € B(I),
satisfying

F(t) = Fu(L3 M (1), F o Ly (1)), (3.15)

for t € I,.

The function fneed not be generally continuous, but it is bounded.

Let us extend the map W to w, defined for any subset B of I x C"

N
w(B) = | wa(B).
n=1
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Let us see that the graph G of fis invariant by w, that is to say,

G =w(G).

~

For it, let us consider a point P = (t, f(t)) € G. The value ¢ belongs to a subinterval I,, and
thus t = L, (t').

Then, by ,
P = (Ln(t/)v fo Ln(t/)) = (Ln(t/)a Fn(tla f(t/)) = wn(t/a f(t/))

and thus P € w,(G) C w(G).
Let us prove now w(G) C G. If (¢t,x) € w(G), then (t,x) = (Ln(t'), Fo(t',2')) for some (¥, 2') €

G and n € {1,2,...,N}. Therefore

~ ~

(t,2) = (Ln(t), Fu(t', f(t) = (Ln(t), f(Ln(t))) € G,

due to the fixed point condition of f. As a consequence G = w(@G).

The closure of G, G, belongs to K because G is bounded.

Proposition 3.2.

G-W (@)
Proof. In order to prove the relation G C W(G), let us consider that
G =w(G) Cw(GQ) = W(Q).

Since W (G) is closed G C W(G).
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Let us prove now W (G) C w(G) = G.

If P € G then there exists a sequence of points P,, € G such that lim,, P,, = P. In this case

W (Py) — W(P), W(P) € w(G) =G. O
Since G is an invariant set of W, it must be the attractor.

Corollary 3.3. The attractor A of the iterated function system agrees with the closure of the

graph of a bounded function ]?: I — R

The function fis different from the map f defined in Section 2 because the first one is not
related to a set of two-dimensional data.

Figure 3 represents the graph of a discontinuous affine fractal function in the interval I = [0, 1],
for t, = n/10, for n = 0,1,2,...,10 and scale a(t) = t/2. The coefficients ¢, were randomly

chosen in the interval [0, 1], and d,, random in the interval [—0.5,0.5].

0.0 0.2 04 0.6

Figure 3: Graph of a discontinuous affine fractal function with coefficients ¢, and d,, randomly chosen.
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Our purpose now is to obtain the values of the function ]? on the nodes of the partition
(zp, = f(tn)) in terms of the coefficients of the system.

Since tg = L1 (tp), using the fixed point equation,

Flto) = (L7 (t0)) f o LT (to) + c1 Ly (to) + di,

then
-~ cito +di
xo f( 0) 1 Oé(to)
For tx € Iy,
F(tn) = a(Lyt(tn)f o L (tn) + en Lyt (tn) + d,
and
~ ety 4+ dy
= t B

For the rest of the nodesn=1,2,...N —1

~ ~

ftn) = O‘(Lgl(tn))f © Lgl(tn) + CnLgl(tn) + dp,

and

~

Ty = f(tn) = Oé(tN):UN + ety + dy,.

In the case a(t) = 0, the graph of f is composed of the lines ¢, o L;! on the subintervals

I, = (tn_1,tn] for n =2,3,... N and the graph of ¢; o L7 ' on the interval I; = [to, ].

The fractal function passes through the data (t,,z, = f(tn)), the iterated function system

satisfies the conditions (2.7]) and (2.8) for € = 0, and the results of Sec. 2 are applicable here.

3.1 Affine Fractal Functions Close to a Bounded Mapping

In this Subsection we consider a given function f € B(I) and we look for an affine fractal func-

tion f (not necessarily continuous) close to it.
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We consider the discrete case F,(t,x) = anx + qn(t), where o = (a1, ag, ..., an) is such that
|a|oo = max{|a,|:n=1,2,...,N} <1,

c=(c1,¢2,...,¢N),d=(d1,da,...,dy) and ¢,(t) = ¢t + d,,. The subintervals I,, are defined as

in previous Sections.

If f is the fractal function associated with the operator T' (fixed point of it), the Collage

Theorem states that, if r is the contractivity factor of T,

1f = Flloe < —— T  flle.

—1-—r

Based on this result, we can minimize the quantity ||7'f — f||~ in order to find fclose to f.

Proposition 3.4. Let us consider f € B(I), a constant § such that 0 < § < 1, Bs = {a €
RN @ |alee < 6} and J, K closed and bounded intervals of RYN. Let us define the mapping

H=H;:BsxJx K — B(I) defined as H(a,c,d) = Tpca(f): I — R where
Tocaf(t) = anf o L (t) + eaLy (8) + dn,
fort € I,. The map H is Lipschitz with constant M = max{|| f||co, [tn|, 1), and thus continuous.
Proof. For a,3 € Bs, c¢,c € J,d,d € K and t € I,,,
(H(ev,e;d) = H(B, ', d))(t) = (o = Bu) f © Ly (8) + (e — ) Ly (1) + (dn — dy,).
Therefore
[H (e, c,d) = H(B, ¢, d) ]| < | = Blos| flloc + e = |oc|tn] + |d = d'] o

and

[H(a, e, d) = H(B,¢,d)lloc < Ml = Bloc + [c = €'lo + |d = d'|o0);

where M = max{||f||, |tn], 1), obtaining the result. O
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Corollary 3.5. Let P = Py : Bs x J x K — R be defined as P(a,c,d) = |H(a,¢,d) — floo-

The function P(«a,c,d) reaches a minimum at some o* € Bs, ¢* € J and d* € K.

Proof. The function P(a, ¢,d) is continuous and defined on the compact Bsx J x K, consequently

it reaches a global minimum. O
Proposition 3.6. The map P(«a,c,d) is convez.

Proof. Let X\ € R be such that 0 < A < 1, and «, 3 scale vectors, ¢, € J, d,d € K.
POa+ (1 =N Ae+ (1— N A+ (1 - Nd) =

SUP{ | Taat (1-N) A+ (1N dr(1-Na f () — f()]; t € T} =

sup {|(Aan+ (1= N)Bn) fo L, (1) + (Acn+ (1= A)e, ) Ly (8) + (Adp + (1= A)dy,) — f|; t € I} =

1<n<N

s (A f o L (1) +enliy (1) du) + (1= N(Baf o Ly () +¢uLig (1) + ) = F(0)]: ¢ € L.

Considering that f can be expressed as f = Af + (1 — \) f:
PAa+ (1 —=XNB, e+ (1 =N, Ad+ (1 =N d) < AP(a,¢,d) + (1 = N)P(B,d,d).
O

Corollary 3.7. The problem of finding a minimum of P(c,c,d) = ||Tacd(f) — fllos on the

feasible region Bs x J x K is a non-smooth convex optimization problem with solution.

If (o*, ¢*, d*) is one of the optimum values, then the fractal function associated to the operator

Tox o d*s fomcnd*, is the sought function. The Collage Theorem states that

HTa*,c*,d*(f) — flloo . P(a*, c*,d¥)

1 — |o*|oo B 1 —|a*]oo ’

(3.16)

Hf - foz*,c*,d* ||oo S

since |a*|« is the contractivity factor of the operator.
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Proposition 3.8. If f is an interpolant or an approzimant of a set of data {(t,,zn)}—y, and

g 1s an original function providing them (g(t,) = x, forn=0,1,...N), then

P(a*, c*,d¥)

||g fa ,C ,d ||OO_ (f)+ 1_‘a*|oo Y

where E(f) is the error of the approximation f.

Proof. 1t is a consequence of the triangular inequality

0o < Hg - fHoo + Hf - fa*,c*,d*HOO7

Hg - fa*,c*,d*
and the expression (3.16]). O

The following result can be found in [I5].

Lemma 3.9. Let us consider a continuous function f : I — R passing through the data D =

{(tn, zn)}N_q, such that t, —t,_1 = h, and let w(5) be the modulus of continuity of f, defined as
w(d) = sup{|f(t) — f(¢)] : [t —¥'| < &}
If go is the polygonal joining the data D,

1/ = gollec < w(h).

Proposition 3.10. If f interpolates the set of data D = {(ty,x, = ]?oa*,c*,d* (ta)) YN, such that

tn —tn_1 = h, and it is continuous
[a"|oo V[tn|+0
1— 0¥’

I1f = for e avlloe < w(h) + 2X s +

1 —|o*|oo

where w(8) is the modulus of continuity of f, Xmae = max,{|z,|}, ¥ = max, |c, — | and

§ = max, |d, — d°|.
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Proof. Let us consider that

Hf - fa*,c*,d*”oo < Hf - QOHOO + ||.90 - fa*,c*,d*"wv

where gg is the polygonal whose vertices are the points (¢,,x,). Applying the previous Lemma

and Proposition [2.6] the result is obtained. O
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Popoviciu Type Inequalities Via Green Function
and Hermite’s Polynomial

Saad Thsan Butt Ram N. Mohapatra'and Josip Pecari¢*

Abstract

The Hermite polynomial and Green function are used to construct the identities related to
Popoviciu type inequalities for higher order convex functions. We investigate the bounds for
the identities related to the generalization of the Popoviciu inequality using inequalities for
the Cebysev functional. Some results relating to the Griiss and Ostrowski type inequalities
are constructed. Further, we also construct new families of exponentially convex functions
and Cauchy-type means by looking at linear functionals associated with the obtained in-

equalities.

Keywords: Convex Function, Divided Difference, Generalized Montgomery Identity, CEbySEv Func-

tional, GrUSs Inequality, Ostrowski Inequality, Exponential Convexity.

1 Introduction and Preliminary Results

A characterization of convex function established by T. Popoviciu [18] is studied by many people (see

[19, [17] and references with in). For recent work, we refer [/, [10, (11} [14} [15]. The following form of

*Department of Mathematics, COMSATS, Institute of Information Technology, Lahore, Pakistan, email: saadihsan-
butt@gmail.com(Corresponding Author)

TMathematics Department, University of Central Florida Orlando, FL 32816, USA, email:ramm @pegasus.cc.ucf.edu

*Faculty of Textile Technology, University of Zagreb, 10000 Zagreb, Croatia, email: pecaric @mahazu.hazu.hr



26 Saad Thsan Butt, Ram N. Mohapatra and Josip Pecaric¢
Popoviciu’s inequality is by Vasi¢ and Stankovi€ in [[19] (see also page 173 [17]):

Theorem 1.1. Lerzwe N, z>3,2<w<z—1, [a,f] CR x= (x1,....x;) € [et, B> p= (P1,---, Pz)

be a positive z-tuple such that Y% _, p, = 1. Also let f : [o, B] — R be a convex function. Then

—w w
pwz(X,p; f) < 1 pr(X,p;f)+ ﬁpu(&p;f), (L.1)

where

1 w Vi‘. Pu,Xu,
Pwe(X,P5 f) = puo(X,p5 f (%)) 1= —1 Z ( Puv> fl=
1

(w—l) I<up<..<uy<z \v=

is the linear functional with respect to f.

By inequality (T.1)), we write

Z—w w—1

_ o P p) e (P S) — (X, S). (1.2)

P(x,p; f) := —

Remark 1.2. It is important to note that under the assumptions of Theorem if the function f is

convex then P(x,p; f) > 0 and P(x,p; ) = 0 for f(x) = x or f is a constant function.

The mean value theorems and exponential convexity of the linear functional P(x,p; f) are given in
[LO] for a positive m-tuple p. Some special classes of convex functions are considered to construct the
exponential convexity of P(x,p; f) in [10].

Consider the Green function G : [o, B] X [, B] — defined as

LR a<s<n
G(t,s) = (s—B)(t—a) (13)
The function G is convex and continuous w.r.t s and due to symmetry also w.r.t .
For any function v : [, B] — R, w € C*([«t, B]), we have

_ B—x x—o B "
W)= g o v(@) 5o vB)+ [ Gy (5)ds (14

|
i)
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Discontinuous Fractal Interpolation
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Abstract

The fractal interpolation functions provide curves whose graph has generally a
non-integer dimension. They own other characteristics as the interpolation of a set
of data and the continuity. In this paper, the latter conditions are omitted, defining
discontinuous fractal functions passing close to (but not necessarily through) the
given data.

In a second part of the article we define affine fractal functions not linked to two-
dimensional data. To do this we use the methodology of iterated functions systems.
They are composed of a finite set of contractive affinities whose attractor is related to
the graph of a bounded function. In this way the paper introduces a very large class
of affine fractal functions which are generally discontinuous (though they contain the
classical continuous case as a particular case) and whose relevance is not based only

on the approximation.
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where the function G is defined in (1.3)) (see [20]).

Let —o<a<fB <ocanda=a <ay - <a,=f, (r>2) be the given points. For y € C"[a, ] a
unique polynomial py (s) of degree (n — 1) exists satisfying any of the following conditions:
Hermite conditions:
. . r
pia) =y (a;); 0<i<kj 1<j<r Y kj+r=n (H)
=1
It is of great interest to note that Hermite conditions include the following particular cases:

Type (m,n—m) conditions: (r=2,1<m<n—1,ki=m—1, ky=n—m—1)

We have the following result from [1]].

Theorem 1.3. Let —coc< @ < f <ewoand o < ay < ap--- < a, <P, (r > 2) be the given points, and

y € C"(|a, B]). Then we have

v(t) = pu(t) + Run(y,1) (1.5)

where py (t) is the Hermite interpolating polynomial, i.e.

<

rok

pu(t) =Y.

=1

Hi;(t)y"(a;);
j 0
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the H;; are fundamental polynomials of the Hermite basis defined by

1 @) N1 <(; —aj)kf“) L
Hij(t)= s —— g mai |l — (t—aj), (1.6)
j i (1 —ay)l T S K drk () a, /
with
o) =[T@—a)",
j=1
and the remainder is given by
B
Run(W,t) = | Gunlt,s)y"(s)ds
a
where Gy »(t,s) is defined by
) J (a S)nfifl
Y Y oo Hij(t); s <t,
GHJl(tas) = J:1’:r0 j n—i—1 (1'7)
- Z Z ((zi;_sl)_l)l Hij(t)’ s>,
j=1+1i=0
forallaj<s<aj1;1=0,...,rwithay = o and a,, = B.
Remark 1.4. In particular cases,
for type (m,n — m) conditions, from Theorem|l.3|we have
l//(t) = p(m,n) (t) +R(m,n)(l//7t) (1.3)
where P, »(t) is (m,n —m) interpolating polynomial, i.e
m—1 ) n—m—1 )
Py () = Y. w@y V(@) + Y m)w(B),
i=0 i=0
with
1 =B NS (n—mtk—1\ ft—a\k
T(t) = (- ) <a—B> k;ﬂ ( ' >(B—a> (1.9)
and
1 = \mTTT ik — 1\ 1 — B \k
(1) =—=(t—B) . 1.10
(1) i!( B)< —oc) k;) ( k )(a—ﬁ) (1.10)
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and the remainder R, ,)(V,t) is given by

Ry (W 1) = ; Gy (t,5) Y (s)ds
with N
Ly () )
G (1.5) = H(li)m()m g T
- i)::o { qgo (m+qq_])(3:‘;> }X
([_gzif;sl);v_i_l (ﬁ)m a<t<s<pB

For Type Two-point Taylor conditions, from Theorem[I.3|we have

y(t) = par(t) + Ror (,1)

where py7(t)is the two-point Taylor interpolating polynomial i.e,
m—1m—1—i j
m+k—1\r(t—a) (t=B\mrt—a\k
por(t) = < ) [ - ( ) ( ) v (a
®) l.;) kg;) k i! oa—p B—o )

A (e (B )

and the remainder Ry (y,t) is given by

B
Rar(.1) = [ Gar(r.5)y (s)ds
o

with
(=n™ 5

(ijl)!pm(t,s)

M_

_ 0('”_}”)(t—S)’"’l”q"(t,SL s<t
_1\m 1

e ()

™37

(m_}+j) (s—t)" 'Ipi(t,s), s>t

0

where p(t,s) = "0 g(t,5) = p(t,5), 1,5 € [0, B].

29

(1.11)

(1.12)

(1.14)

The following Lemma describes the positivity of Green’s function (1.7) see (Beesack [2]] and Levin

[12]).
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Lemma 1.5. The Green’s function Gy ,(t,s) has the following properties:

(i) GZ’V"(%’S) >0,a1 <t <a;a <s<ap

(ii) Gra(t:5) < ey W(O)1:

(iii) [P G p(t,8)ds = 1.

nl

The organization of the paper is as follows: In Section 2, we use Green’s function, Hermite interpo-
lating polynomial and the n—convexity of the function y to establish a generalization of Popoviciu’s
inequality. We discuss the results for particular cases namely, (m,n —m) interpolating polynomial and
two-point Taylor interpolating polynomial. In Section 3, we present some interesting results by employ-
ing Cebysev functional and Griiss-type inequalities, also results relating to the Ostrowski-type inequal-
ity. In Section 4, we study the functional defined as the difference between the R.H.S. and the L.H.S.
of the generalized inequality. Here our objective is to investigate the properties of the functional, such
as n-exponential and logarithmic convexity. Further, we prove monotonicity property of the generalized
Cauchy means obtained via this functional. Finally, in Section 5 we give several examples of the families

of functions for which the obtained results can be applied.

2 Popoviciu’s Type Inequalities by Green’s Function and Hermite
Interpolating Polynomial

We begin this section with the proof of our main identity related to generalizations of Popoviciu’s type

inequality.

Theorem 2.1. Letz,we N, z>3,2<w<z—1, [a,B] CR x=(x1,..,x;) € [a, B>, p= (pl,.y..,pz) be

r PuyXuy
a real z-tuple such that Y., py, # 0 for any 1 <uy < ... <u,, <zand Y., p, = 1. Also let *=; €
Y puy
v=1
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[a,B] forany 1 <uj < ..<u,<zwitha=a <ay - <a,=f, (r>2) be the given points, and
vy € C"([a, B]). Furthermore, H;j, G, and G be as defined in (1.0), (I.7) and (1.3) respectively. Then

we have the following identity:

B ro ki
Plx.piw(x) = | PxpiGlen) Y Y v 0y (0)ds
j=1i=0
+ / / P(x,0:G(x,1))Grrna(t,s)) ") (s)dsdr. (2.15)
o o
Proof. Using (I.4) in (1.2) and following the linearity of P(x,p;-), we have

P(x,p; ¥ / P(x,p;G(x,0))y (1)dt. (2.16)

By Theorem I/IN (t) can be expressed as

r 5 [)’
-y ZH,, (42) (4 4 / Grtna(t, )W (s)ds. 2.17)
j=li= o
Using (2.17) in (2.16) we get (2.15). ]

For n—convex functions, we can give the following form of new identity (2.15).

Theorem 2.2. Let all the assumptions of Theorem 2.1 be satisfied. If v : [a, B] — is n—convex function

and

B
/ P(x,p; G(x,1))Grrna(t,5)dt > 0, 1 € [at, B]. 2.18)

Then

r l
P(x,p;y /Pxp, (x,1)) ZZ (42)(aj)Hyj(t)dt (2.19)

Proof. Since the function y is n—convex, therefore without loss of generality we can assume that y is

n-times differentiable and w(")(x) > 0 for all x € [a, 8] ( see [17]l, p. 16 ). Hence we can apply Theorem

to obtain (2.19)). O

Now we obtain a generalization of Popoviciu’s type inequality for z-tuples.
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Theorem 2.3. Let in addition to the assumptions of Theorem p = (p1,...,p;) be a positive z-tuple

such that ¥\, p, =1, and v : [, B] — be an n—convex function.

(i) If k; is odd for each j =2,..,r, then (2.19) holds.

(i) Let the inequality (2.19) be satisfied and

F()=Y Y v (a))H;(.) (2.20)
j=1i=0
is non negative. Then we have
P(x,p;y(x)) > 0. (2.21)

Proof. (i) Since Green'’s function G(x,7) is convex and the weights are positive. So P(x,p; G(x,?)) >
0 by virtue of Remark@ Also as it is given that k; is odd for each j = 2, ..,r, therefore we have
@(t) > 0 and by using Lemma [1.5]i) we have Gp ,—2(t,s) > 0, so (2.18) holds. Now following

Theorem [2.2] we can obtain (2.19).

(i) Using (2.20) in (2.19), we get (2.27).

As a particular cases of Hermite conditions, we can give the following corollaries to above Theorem

By using type (m,n —m) conditions we can give the following result:

Corollary 2.4. Let 1;,1; be as defined in (1.9) and (1.10) respectively. Also p = (py, ..., p;) be a positive

z-tuple such that Y5, p, =1, and y : [0, B] — be an n—convex function.

(i) If n—m is even, then the following inequality holds

n—m—1

B m—1 . .
P(x,p; y(x)) > /a P(x,p;G<x,t)>(;)ri(r)cb(’”)(aH Y ni(t)¢(’“>(ﬁ>> dr.  (222)

i=0
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(ii) Let the inequality (2.22) be satisfied and

m—1 . n—m—1 )
FO=(Z¢OW”WH—Z7MW“%M> (2.23)
i=0 i=0
is non negative. Then we have
P(x,p: y(x)) > 0. (2.24)

By using Two-point Taylor conditions we can give the following result.

Corollary 2.5. Let p = (p1,...,p;) be a positive z-tuple such that Y% _, p, =1, and y : [ot, B] — be an

n—convex function.

(i) If m is even, then the following inequality holds

m—1m—1—i
k—1
P(x,p; ¥ /PxpGxt Z Z<m+ )

: [“;‘” () ) oo+ S o) () o

(ii) Let the inequality (2.25)) be satisfied and
m—1m—1—i m-k—1
)
(t—a) (=B \m/t—o\k ; (t—B) ft—a\m/t—B\k ;
A G ]

is non negative. Then we have

P(x,p: y/(x)) > 0. (2.27)

3 Bounds for Identities Related to Generalization of Popoviciu’s
Inequality

In this section we present some interesting results by using Cebysev functional and Griiss type inequali-

ties. For two Lebesgue integrable functions f, 4 : [o, B] —, we consider the Cebysev functional

ﬁ—aa /h

A(f
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The following Griiss type inequalities are given in [6].

Theorem 3.1. Let f : [, 3] — be a Lebesgue integrable function and h : [a., ] — be an absolutely

continuous function with (. — a)(B — .)[I)* € L[, B]. Then we have the inequality

1

— 2 ! ﬁx— —x)[H (x)]?dx ’
st < 5l N ([ B -l ) 628)

The constant % in {) is the best possible.

Theorem 3.2. Assume that h : [a, 3] — is monotonic nondecreasing on [o, ] and f : [o, ] — be an

absolutely continuous with f' € L[, B]. Then we have the inequality

AU 171 [ - @B ). (329

< 5w

The constant % in 1} is the best possible.

In the sequel, we consider above theorems to derive generalizations of the results proved in the previ-

ous section. In order to avoid many notions let us denote

B
- / P(x,p;G(x,1))Grrna(t,5)dt, s € [at, B, (3.30)

Consider the Cebysev functional A(9,9) given as:

AD,D) = Bia/aﬁgz(s)ds (Bia/aﬁ@(s)ds)z.

Theorem 3.3. Let all the assumptions of Theorem be valid with —oo < a0 < B < o0 and ot = a; <

2o < a, =P, (r>2) be the given points. Moreover, w € C"([at,B]) such that w\") is absolutely
continuous with (. — a)(B — )WV € L{a,B]. Also let H;; be the fundamental polynomials of the

Hermite basis and the functions G and O be defined by and (3.30) respectively. Then

P(x,p;y /Pxp, (x,1) iZl]/”’z) (r)dt

j=li=
v -y @) P
n ey / S(s)ds+ Ra(ot, B ). (3.31)
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where the remainder R,(a, B; W) satisfy the bound

1

/I3 (s a)(B — )W (s)Pds| (3.32)

o

[NT]

Rl piw)| < (a0, 01 [P

Proof. The proof is similar to the Theorem [9] in [15]. ]

The following Griiss type inequalities can be obtained by using Theorem [3.2]

Theorem 3.4. Let all the assumptions of Theorem be valid with —oo < a0 < B < o and ot = a; <
ay--- < a, =B, (r >2) be the given points. Moreover, w € C"([a,B]) such that w") is absolutely
continuous and let W+ > 0 on (o, B] with O defined in 1D Then the representation 1’ and the

remainder R, (o, B; W) satisfies the estimation

B B (n—1) + (n—1) o (n—2) _ yr(n=2) o
Rl Biy)| < (B — )1l [ Y PV WETBZVETH )| 55
2 (B—a)
Proof. The proof is similar to the Theorem [10] in [3]]. O]

Now we intend to give the Ostrowski type inequalities related to generalizations of Popoviciu’s in-
equality.
Theorem 3.5. Suppose all the assumptions of Theorem be satisfied. Moreover, assume (p,q) is a

pair of conjugate exponents, that is p,q € [1,e0] such that 1/p+1/q = 1. Let |y™|? : [, B] — be a

R-integrable function for some n > 2. Then, we have
B rokioo
P(x,p:y(x)) — [E P(x,p:G(x,1)) ¥ ¥ W) (aj)Hyj(t)dt
j=

1i=0
q 1/q
ds> .

The constant on the R.H.S. of (3.34) is sharp for 1 < p < oo and the best possible for p = 1, respectively.

Bl B
(3.34) < ||w<”)|\p( /a ‘ /a P(x,p; G(x,1))Gr 2 (t,5)dt

Proof. The proof is similar to the Theorem [11] in [3]]. L]

Remark 3.6. We can give all the above results of this sections for Type (m,n —m) conditions and Two-

point Taylor conditions.
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4 Mean Value Theorems and n—exponential Convexity
We recall some definitions and basic results from [3]], [8]] and [[L6] which are required in sequel.

Definition 1. A function y : [ — R is n—exponentially convex in the Jensen sense on [ if

y été;l/f(xi;x’) >0,

ij=1
hold for all choices &1,...,&, € R and all choices x1,...,x, € I. A function ¥ : I — R is n—exponentially

convex if it is n—exponentially convex in the Jensen sense and continuous on /.

Definition 2. A function y : I — R is exponentially convex in the Jensen sense on [ if it is n—exponentially
convex in the Jensen sense for all n € N.
A function y : [ — R is exponentially convex if it is exponentially convex in the Jensen sense and

continuous.

X . m
Proposition 4.1. If v : I — R is an n—exponentially convex in the Jensen sense, then the matrix [l// (HTXJ) }

is a positive semi-definite matrix for all m € N,;m < n. Particularly,
m
det {l]/ <x’ HJ)] >0

2 i,j=1
forallme N, m=1,2,....n.
Remark 4.2. It is known that y : I — R is a log-convex in the Jensen sense if and only if

xX+y

)+ 20y (57 +BW0) 20,

holds for every a, B € R and x,y € I. It follows that a positive function is log-convex in the Jensen sense
if and only if it is 2—exponentially convex in the Jensen sense.

A positive function is log-convex if and only if it is 2—exponentially convex.
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Remark 4.3. By the virtue of Theorem we define the positive linear functional with respect to

n—convex function Y as follows

A(y) :=Y(x,p; ¥ / P(x,p;G(x,1)) Z Zj (+2)(a;)H;j(1)dt > 0. (4.35)

Lagrange and Cauchy type mean value theorems related to defined functional is given in the following

theorems.

Theorem 4.4. Let y : [a, ] — be such that y € C"|a, B]. If the inequality in holds, then there

exist & € [a, B] such that

A(y) =y (E)A(9), (4.36)
where @(x) = fl—': and A(-) is defined by .

Proof. Similar to the proof of Theorem 4.1 in [9] (see also [4]). OJ

Theorem 4.5. Let W, ¢ : [0, ] — be such that y,¢ € C"|ot, B]. If the inequality in ([2.18) holds, then

there exist & € [o, B] such that
Aly) _ y™(E) @37

provided that the denominators are non-zero and A(+) is defined by .

Proof. Similar to the proof of Corollary 4.2 in [9] (see also [4]]). O

Theorem 4.5 enables us to define Cauchy means, because if

() )

which means that £ is mean of @, 8 for given functions y and .

Next we construct the non trivial examples of n—exponentially and exponentially convex functions

from positive linear functional A(-). We use the idea given in [16]. In the sequel / and J are intervals in .
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Theorem 4.6. Let I' = {y; : t € J}, where J is an interval in , be a family of functions defined on an
interval I in such that the function t «— [xo, ..., X,; ;| is n—exponentially convex in the Jensen sense on J
for every (n+ 1) mutually different points xo, ... ,x, € I. Then for the linear functional A(;) as defined

by (4.33)), the following statements are valid:

(i) The functiont — A(y,) is n—exponentially convex in the Jensen sense on J and the matrix [A(l//@ N1

is a positive semi-definite for allm ¢ Nym <, t1,..,t,, € J. Particularly,

det[A(yi+)]7)—y > 0 forallm e N, m=1,2,...,n.
i)l

(ii) If the function t — A(y;) is continuous on J, then it is n—exponentially convex on J.

Proof. (i)For&jecandtjeJ, j=1,...,n, we define the function
n
h(x) =Y &y (x).
jil=1 2
Using the assumption that the function z — [xo, . .., X,; W] is n—exponentially convex in the Jensen sense,

we have

n
(X0, .-, Xn, h] = Z ¢i& {xo,...,xn;ly@] >0,
Ji=1

which in turn implies that % is a n—convex function on J, therefore from Remark we have A(h) > 0.

The linearity of A(-) gives

i Ei&iA (W@) > 0.

Jl=1

We conclude that the function 7 — A(y;) is n—exponentially convex on J in the Jensen sense.
The remaining part follows from Proposition §.1]
(ii) If the function ¢+ — A(y;) is continuous on J, then it is n—exponentially convex on J by definition.

O]

The following corollary is an immediate consequence of the above theorem
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Corollary 4.7. Let ' = {y, : t € J}, where J is an interval in , be a family of functions defined on an
interval I in , such that the function t — [xo, ..., X,; W] is exponentially convex in the Jensen sense on J
for every (n+ 1) mutually different points xo, ... ,x, € I. Then for the linear functional A(;) as defined

by (4.33)), the following statements hold:

m
(i) The functiont — A(y,) is exponentially convex in the Jensen sense on J and the matrix [A (l//r iy )]
/=1

is a positive semi-definite for allm € Nym < n, t1,..,t,, € J. Particularly,

m
det [A(w,,.+,,>] >0foralmeN, m=1,2,...n
)=

(ii) If the function t — A(y;) is continuous on J, then it is exponentially convex on J.
Corollary 4.8. Let I' = {y, : t € J}, where J is an interval in , be a family of functions defined on an
interval I in , such that the function t — [xo, ..., X,; Y| is 2—exponentially convex in the Jensen sense on

J for every (n+ 1) mutually different points xo, ... ,x, € I. Let A(+) be linear functional defined by (4.33)).

Then the following statements hold:

(i) If the function t — A(y;) is continuous on J, then it is 2—exponentially convex function on J.
If t — A(y,) is additionally strictly positive, then it is also log-convex on J. Furthermore, the

following inequality holds true:
[ACw)] ™" < [Aly)] " [A(w)]
for every choice r,s,t € J, such that r < s <.

(ii) If the function t — A(y,) is strictly positive and differentiable on J, then for every p,q,u,v € J,

such that p < u and g < v, we have
“l%q(Aa F) < »uM,V(Av F)a (438)

where

1
(¥p) T
( Alve p#4
Hpq(A L) = i A (4.39)
exp < (I//p) > y P=4q,
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Sfory,, y, €T
Proof. (i) This is an immediate consequence of Theorem 4.6 and Remark {.2]

(ii) Since p — A(y;) is positive and continuous, by (i) we have that  — A(y;) is log-convex on J,

that is, the function ¢ — log A(y;) is convex on J. Hence we get

log A(v,) ~logA(y) _ logA(y,) ~log A(y)

< , (4.40)
P—q u—v
for p <u,q <v,p# q,u#v. So, we conclude that
,Llpﬂ(/\, F) S “u,\/(A? F)'
Cases p = g and u = v follow from (@.40) as limit cases.
O

S Applications to Cauchy Means

In this section, we present some families of functions which fulfil the conditions of Theorem .6 Corol-
lary and Corollary This enables us to construct a large families of functions which are exponen-
tially convex. Explicit form of this functions is obtained after we calculate explicit action of functionals

on a given family.
Example 5.1. Let us consider a family of functions

Ih={y:R—>R:teR}

defined by
eIX
o t# 07
vix) =19 @
() o t=0.
Since ddnx",f’ (x) = €™ > 0, the function y; is n—convex on for every 7 € and 7 — ‘fo’ (x) is exponentially

convex by definition. Using analogous arguing as in the proof of Theorem [4.6] we also have that ¢ —



Journal of Orissa Mathematical Society 41

[X0, - - -,Xn; W] is exponentially convex (and so exponentially convex in the Jensen sense). Now, using
Corollary we conclude that r — A(y;) is exponentially convex in the Jensen sense. It is easy to
verify that this mapping is continuous (although the mapping ¢ — y; is not continuous for t = 0), so it is

exponentially convex. For this family of functions, ; 4(A,I'1) , from (#.39), becomes

1
Alyr) \ -9
(A(‘I/q) ) ) 1 #q,
Peg(AT1) =4 exp A/(\’(dq'/%’) 4], t=q#0,
exp ﬁ AX&Z’;}) , t=q=0,

where “id” is the identity function. By Corollary U g(A,T'1) is a monotone function in parameters ¢
and gq.

Since 1

a'fi \ =a
d n
d”qu (logx) = x,

dx™

using Theorem [.5]it follows that:

Mt,q(A7 F]) == 10g u[’q(A, Fl )’

satisfies

o <M 4(ATT) <B.
Hence M; 4,(A,T'1) is a monotonic mean.

Example 5.2. Let us consider a family of functions

[y ={g:(0,00) 1€}

defined by
X
g,(x)z{ W? t¢{0,1,...,n—1},
(71),1,1{1-;.)!‘%(;717].)!, t=j€{0,1,....n—1}.
Since i:ﬁ (x) =x'"" > 0, the function g is n—convex for x > 0 and t — (S;‘i’ (x) is exponentially convex

by definition. Arguing as in Example we get that the mappings t — A(g;) is exponentially convex.
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Hence, for this family of functions W, 4(A,T2) , from (¢.39), are equal to

1
Agr) Ve
@
eX _1 nil n_l !m—i_n_ 1)7 t: 0717-.-,’1_1 9y
.ut7q(AaF2): =D ) Algr) kgokfz q¢{ }
n—1
exp (—1)n—1(n—1)!’55\g(0;r))+ ;Oﬁ L t=qef{0,1,...,n—1}.

k£t
Again, using Theoremd.3|we conclude that

A(g) )™

Hence L, 4(A,I2) is a mean and its monotonicity is followed by (@1)

Example 5.3. Let

I3 = {G 2 (0,00) =12 €(0,00)}

be a family of functions defined by

X

(T)!’ t:1

G(x) = { (- log1) #

Since ‘Z;g’ (x) =t is the Laplace transform of a non-negative function (see [20]) it is exponentially

convex. Obviously §; are n—convex functions for every t > 0.

For this family of functions, W, 4 (A,I'3), in this case for [a, B] C R, from becomes

1
AG) \ e .
(A(Cq)) A7 t?‘éq,
Mg (AT3) =4 exp _AtXC(IC,%) - tlggt>’ t=a7 L
1 A@d.G) L
e (—r ") 1=a=1,

where id is the identity function. By Corollary Up.q(A,I'3) is a monotone function in parameters t
and q.

Using Theorem[.3|it follows that

Mt,q (A,F}) = _L(t7q)log;u’l,q (A7 F3) 5
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satisfy
o <M ,(AT3) <B.

This shows that M; 4, (A,T'3) is a mean. Because of the inequality , this mean is monotonic. Fur-

thermore, L(t,q) is logarithmic mean defined by

=g .
logt—loggq’ t# 49

L(t,q) =
t, t=gq.

Example 5.4. Let
Iy ={A;:(0,00) =: 1 € (0,00)}

be a family of functions defined by

M Ear
d"A

Since “5t (x) = e V1 is the Laplace transform of a non-negative function (see [20]) it is exponentially

convex. Obviously A; are n—convex function for every t > 0.

For this family of functions, W 4 (A, L), in this case for [0, B] C R™, from @) becomes

1
A(A) ) Lo
Ui g (ATy) = <A(Aq)> ’ 74 i=1,2.

exp (— AGdA) 0 .
p Z\ﬁ[\(/\,) 2t ] q’

By Corollary[|.8} it is a monotone function in parameters t and q.

Using Theorem it follows that
Mg (ATs) = — (Vi+/q) Inlt 4 (A,T4),
satisfy
o <M ,(ATs) <B.
This shows that My ; (A,T's) is a mean. Because of the above inequality , this mean is monotonic.
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Applications of Exponential Convexity

Asfand Fahad; Josip Pecari¢'and Julije Jakseti¢*

Abstract

In this paper, we apply n-exponential convexity and log-convexity on a positive linear
functional defined as the difference of the left hand side and right hand side of the inequali-
ties from [3]]. We obtain interesting inequalities and improvements of Hardy type inequality

given in [3].

Keywords: Convex Function, Divided Difference, Generalized Montgomery Identity, CEbySEv Func-

tional, GrUSs Inequality, Ostrowski Inequality, Exponential Convexity.
1 Introduction and Preliminaries

Steffensen [12] proved the following inequality: if £,/ : [a, ] — R, 0 <h <1 and f is decreasing, then

oa+y

B 5
/ Fon@ydi< [ f@e)di,  where y= / h()dr. (1.1)

o
Several papers are devoted to studying generalizations of Steffensen’s inequality (I.I). Convex func-
tions are used in some generalization of Steffensen inequality. One recent generalization is given by

Rabier [11]].
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Theorem 1.1. Let ¢ : [0,00) — R be convex and continuous with ¢(0) =0. Ifb >0and h € L*(0,b),h >0

and ||h||w < 1, then h¢' € L'(0,b) and

¢(/Obh(t)dz) < /Obh(t)q)’(t)dt (1.2)

In fact, Rabier’s result, given in Theorem [I.1] is closely related to another generalization of Stef-

fensen’s inequality given by Pecari¢ [8]].

Theorem 1.2. Let g : [a,b] — R be a nondecreasing and differentiable function and f : I — R be a

nondecreasing function (I is an interval in R such that a,b,g(a),g(b) € 1).

(a) If g(x) < x, then

b 8(b)
[ rogwar= [ rwar (1.3)
a g
(b) If g(x) > x, then the reverse of the above inequality holds.

The assumptions of Theorem[I.2]can be weakened and differentiability of g can be replaced with abso-
lute continuity. Indeed, for a nondecreasing function f, the function F (x) = [ f(¢) dt is well defined and
satisfies F(1) = f at all except at most countably many points. For absolutely continuous nondecrasing

function g the substitution z = g(¢) in the integral is justified (see [4} Corollary 20.5]), so

(b)
P - Fle(a) = [ fae= [ e @ars [ rogoa,

(a
where the last inequality holds when g(r) <r.

Steffensen’s inequality follows from Theorem by making substitutions g(x) — [ h(t + ot —
a)dt+aand f(x) —» —f(x+a—a) and takingb = 8 — a +a.

Moreover, a convex function ¢ from Theoremhas a nondecreasing right-sided derivative (])J(r]) such
that ¢ (x) = [y q)J(rl)(t) dt. Furthermore, for a function 4 : [0,b] — [0, 1], the function g(x) = [y h(r)dt

is absolutely continuous and satisfies g(x) < x and ¢ = h. Therefore, by taking a = 0, f = ¢J(r1) and
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g(x) = [¢ h(t)dt in Theorem [1.2] (under the weaker assumptions) we get Theorem

By replacing the equality

with the n-th order Taylor expansion of the composition F o g, Fahad, Pecari¢ and Praljak [3] obtained

the following generalization of Theorem [I.2]

Theorem 1.3. Let n € N. Let g: [a,b] — R and F : I — R (where I is an interval in R such that
a,b,g(a),g(b) € I) are n times differentiable functions such that g,g\"),...g"=1), F() F@)  F0 gre

nondecreasing functions.

(a) If g(x) < x, then

n—1

F(g(b)) < F(g(a) + Y FO( 2 Buu(g"(@),....g ) (a)) O
k=1

nln

+/ n—l ZF gV(t),....g" D)) ar.

(b) If g(x) > x, then the reverse of the above inequality holds.
We obtain the following corollary:

Corollary 1.4. Letn €N, let F : [0,b] — R be n times differentiable function such that FV) F) . F®)
are nondecreasing functions and let h : [0,b] — [0,+4c0) be n— 1 times differentiable function such that

hhD R gre nonnegative.

(a) If [y h(t)dt < x for every x € [0,b], then

</h dt><F0 z ZB,k D(0).....k9(0) %
+/Ob (b‘f - lz";F h(e), k1), .. B0 (1)) .

n—l
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(b) Ifx < [y h(z)dt for every x € [0,b], then the reverse of the above inequality holds.

Theorem 1.5. Let n € N, h and F be as in Corollary k :[0,b] — [0,400) and denote K;(t) =

I ()(C:il):l k(x)dx forie N.

(a) If [y h(t)dt < x for every x € [0,b], then

/0 k() F ( /0 xh(t)dt) dx < F(0)K, (0)+

nzl Bi,k(h(o)vh(l) (0)7 T ’h(iik) (0))Ki+1 (O)+

n—1 =
+ Y F®(0)
k=1 i=k

+ / bK,,(z) Z FOOB, 1 (h(t),hV (1),..., A" (1)) dr.
0 k=1

(b) Ifx < [y h(z)dt for every x € [0,b], then the reverse of the above inequality holds.

In 1929, the notion of exponential convexity was introduced by S. N. Bernstein in [1]] and later on D.
V. Widder [13] introduced these functions as a special of convex functions in a given interval (a,b). J.
Pecari¢ and J. Peri¢ [9] introduced the notion of n-exponentially convex functions. Much more about
this class of functions has been given in [[7].

We begin the section with the notions and results which we intend to use frequently. For details see

[7] and [9].

Definition 1. A real valued function ¢ : I — R on an open interval /, I C R, is called n-exponentially

convex in the Jensen sense if

¥ g0 (Y55 20

J.k=1

istrue forall §; e Rand allx; € I,i=1,...,n.
A real valued function ¢ : I — R is n-exponentially convex on [ if it is n-exponentially convex in the

Jensen sense and continuous on /.

Remark 1.6.
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(i) From above definition it is obvious that set of all n-exponentially convex functions on I form convex

cone.

(ii) Less obvious is that a product of any two n-exponentially convex functions on I is again of the

same type (see [7]]) .

(iii) n-exponentially convex functions are invariant on taking admissible shifts and translations inside
argument of the function i.e. if x — f(x) is n-exponentially convex, then x — f(x —c) and x —

f(x/A) are also n-exponentially convex functions.

Definition 2. A real valued function ¢ : I — R is exponentially convex in the Jensen sense, if it is n-
exponentially convex in the Jensen sense for all n € N.
A real valued function ¢ : / — R is exponentially convex if it is exponentially convex in the Jensen sense

and continuous.

Remark 1.7. It can be noted that a positive real valued function ¢ : I — R is log-convex in the Jensen

sense if and only if it is 2-exponentially convex in the Jensen sense, that is the following holds

o) +26120 (“37) +800) 20

forall&,& e Rand x,y € 1.
If ¢ is 2—exponentially convex, then ¢ is log-convex. Converse is true if provided that ¢ is continuous

also. n—exponentially convex functions are not, in general, exponentially convex. For example see [7].

Proposition 1.8. If ® : I — R is n-exponentially convex in the Jensen sense then the matrix

()],
2 jk=1

is positive semi definite matrix for allm € N, m < n.

m
det [cp (W‘)} >0,
2 k=

In particular,
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forallme N, m=1,2,....,n.

Definition 3. The divided difference of order n, of real valued function ¢ defined on [a,b], at distinct

points in [a, b] is defined recursively as:

[xi; 0] = (x),(i=0,1,...,n)

and
e xn 0] = [xo, - X015 9]
[XO,X],...,Xn,¢] — X, — X0
The value of [xg,x1,...,X,; @] is independent of order of points.

Definition 4. A function ¢ : [a,b] — R is said to be n-convex on [a,b] if and only if for all choices of

(n+1) distinct points xo,x1, . ..,X, € [a,b], the nth order divided difference is non negative that is
[X0,X15- -y X3 @] >0
for every xo,x1,...,%, in [a,b].

The properties related to n-convex function can be found in [10]. Let us also recall the following

important theorem from [10].

Theorem 1.9. Letr ¢ be real valued function on [a,b]. If 0" exists, then ¢ is n-convex if and only if

™ >0.

In [7]], exponentially convexity method was given for n-convex functions. The next simple Lemma

will be useful for extensions of this method.

Lemma 1.10. Let ¢ : [0,00) — R be an n-convex function such that ¢"~") exists and ¢¥)(0) = 0 for

eachk=2,3,....n—1. Then (])(") is non-decreasing for every k =1,2,..n— 1.
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Proof. By Proposition we have that ¢"~!) is non-decreasing. Since (}5(”_1)(0) =0, it follows that

q)("*l)(x) > 0 for every x € [0,0). By induction we conclude that 0™ is non-decreasing for every

2 n—exponential Convexity and Mean Value Theorems

We use an idea from [[/] to give an elegant method for producing n-exponentially convex functions.
Different variations of these method can be also found in [2]], [S]] and [6]. Let ¢ : I — R be n-times
differentiable functions such that v,y .. w1 and ¢ ¢ . . ¢ are nondecreasing functions.

Let us define linear functional

n—1 n—1 —a i
0 () = 0(w(a)) +k2 0O (y(a)) kBi,k(w“)(a%---,w(""“)(a))(bl.,)
=1 i= ’
b [ S OB ).y ()i - o) 25
a (” 1)- k=1

Theorem 2.1. Let | be linear functional as defined in @.3). Let ¢ € C"+'([0,a]) with ¢ (0) = 0 for

k=2,3,...,n. Then there exists & € [0,a] such that

F(9)=9"(E)r (gv)

where @y(x) = (j;rll)!.

Proof. Letm = inf,cjo 4 o) (x), M= SUPye(0.q] ¢+ (x). Let us define the functions ¢y, ¢, : [ — R

defined by
01(x) = — 01— 9 (x) = Mo (x) — 0 (x)
(n+1)! (2.6)
0200 = 9L0) ~ s = 0 —men ()
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Clearly, q)l(k)(O) — q)z(k) (0) =0 for every k =2,3,...,n. Also ¢1("+1)(x) >0 and ¢2("+1)(x) > 0 for every
x € [0,a], so ¢y, ¢, are (n+ 1)-convex. Therefore, Lemma implies that q)l(k), ¢2(k) are non-decreasing

for each k = 1,2,...,n. Hence, from Theoren{l.3|we have £ (¢;) >0 and F (¢») > 0 and

mk (@) < F(9) <MF (o)

holds. So, Bolzano intermediate theorem ensures that there exist & € [0,a] with £ (¢) = ¢+ D(E)F (gp).

O]

The following mean value theorem will enable us to generate various means.

Theorem 2.2. Let | be linear functional as defined in . Let 91,0, € C"t1([0,a]) with ¢;%)(0) =
¢ (0) =0 for k=2,3,...,n. Then there exists & € [0,a] such that

F@) _ 0" () o)

F(g2) gt 0(E)

assuming that denominators are not equal to zero.

Proof. Let us define & : [0,a] — R in the following way:

h(x) = F (¢2)91(x) — F (¢1)92(x).

Clearly, h € C"*1(]0,a]) and 2%)(0) = 0 for every k = 2,3,...,n. Therefore, from above theorem, it

xn+|

follows that there exists & € [0,a] such that f (k) = h"+D(E)F (¢g), where @o(x) = TV

Since
F(h)=F(9)F (¢1)—F (¢1)F (¢2) =0

and

it follows,
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and hence we get,

n+1

(n+1)
Remark 2.3. Ifthe inverse of % exists then various types of means can be defined by using (2.7]).
2

That is,

- ((P]("“))l(F((P))
¢ ") F(vy)
Now we will produce n-exponentially and exponentially convex functions by using the defined func-

tional. We use an idea from [9].

Theorem 2.4. Let [ C R be an open interval, and T = {n,|t € I} is a family of n+ 1 time continuously
differentiable functions defined on J = [0,c0) with n(k) (0) = 0 for every k = 2,3,...,n, such that for
every choice of n+ 2 mutually different points xo,x1, . ..,Xn+1 in J the function t — [xo,X1,...,Xn+1;M;] is
l-exponentially convex on 1.

Consider the functional ¢ — F () as given in 2.5)). Then,

m
(i) t— F (n,) is an l-exponentially convex function in the Jensen sense on I and the matrix {F (T[ Pitp ﬂ
2 Jk=1
is positive semi definite matrix forallm e N, m <1, p1,p2,...,pm € 1.

In particular,

det [F (np_/-erk)]m Z 0
7 Jik=1

forallme N, m=1,2,...,1.
(ii) Ift — [ (1) is continuous on I then it is l-exponentially convex on I.

Proof. (i)Let &j R, pjel, (j=1,...,1) be arbitrary and define auxiliary function 4 : [a,b] — R by

1
h(x) =Y, éjékanm(x)-

k=1
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Clearly, %) (0) = 0 for every k = 2,3,...,n. Now, since ¢ — [xo,X1,...,X,41:7;] is [-exponentially con-

vex in the Jensen’s sense. So, we have:

/
[xo,xl,...xn+1;h] = Z éjék[xo,xl,...xnﬂ;nm] > 0,
Jk=1 2

so h is (n+ 1)-convex. Therefore, Lemma gives that (1) .. h(") are non-decreasing. Hence, The-
orem|1.3|implies F (k) > 0. Therefore, r — F (1) is [-exponentially convex in the Jensen sense and the
rest follows from Proposition[1.§]

(i) Follows from part (i) and definition of /-exponentially convex functions.

O]

Corollary 2.5. Let I C R be an open interval, and I = {n,|t € I} is a family of n+ 1-time continuously
differentiable functions defined on J = [0,0) with n)(0) = 0 for every k = 2,3,....n, such that for
every choice of n+ 2 mutually different points xo,x1, ..., Xn+1 in J the function t — [xo,X1,...,Xn+1; 1] is
exponentially convex on I.

Consider the functional ¢ — F (¢) as given in @2.5). Then,

m
(i) t— F (1) is an exponentially convex function in the Jensen sense on I and the matrix {F (n Pj+pi )}
“7 Jjr=1
is positive semi definite matrix forallm €N, p1,p2,...,pminl.

In particular,

dalr ()7, 20

forallme N, m=1,2,...,1.
(ii) Ift — F () is continuous on I then it is exponentially convex on I.

Theorem 2.6. Let I C R be an open interval, and I = {n,|t € I} is a family of n+ 1 time continuously
differentiable functions defined on J = [0,00) with 1%)(0) = 0 for every k = 2,3,...n, such that for ev-

ery choice of n+ 2 mutually different points xo,x1,...,Xn41 in J the function t — [xo,x1,..., X3N] is
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2-exponentially convex.

Consider the functional ¢ — [ (@) as given in (2.5)). Then,

(i) If t — F (1) is continuous on I, then it is 2-exponentially convex function on I. If, in addition,

t v+ F (n,) is is strictly positive then it is log-convex as well. Moreover, following inequality holds:

(Fm)) "< (Fn) " (Fem) 28)

forevery r,s,;t € I wherer <s <t.

(ii) Ift — F (ny) is strictly positive and differentiable on I, then for every p,q,u,v € I such that p < u,

q <v, we have:
Mpq(F,T) <y (F,T) (2.9)

where

)”] pP#4

rma), (2.10)
exp ("”f , P=q

Upq(F,T) =

Proof. (i) Follows from Theorem [2.4]and Remark [1.7]
(ii) Since, in particular, t — f (1)) is strictly positive and continuous, so by (i) we have that t — F (1)

is log-convex on I, that is, the function ¢ — log F (1) is convex on I. Therefore, we have:

logf (np) —logh (ng) _ logt (1) —logt (1)

pP—q u—v

2.11)

for p <u,q<v, p#q,u#v.So, we get:

Upg(F.T) <ty (F,T)

Case p = g and u = v follows from equation (2.11)) as limit cases.
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3 Applications

In this section, we shall give applications of the results given in the previous section.

Example 3.1. The following family " = {¢, : p € (n+1,00)}, where

(3.12)

satisfies the assumptions of Theorem Moreover, Q' is linear functional defined with [2.5)).By using

([2.10) we compute the mean p,, , and (2.9) holds.

n—1 n—
0, (@) =00, (W (B)+ 5 0, (v(@) e[} U E a0 i(0)

0 (V@) 00, (W(B)+ T ax (W@} G0 E oy hear

up7q(F/7rl) =

20(W(@) 20 (W) T} (wla) w2 k’:zll Xe(t) (1)t

exp n— n—1 n
0 (W(@) -0 (WD) E 00, (W@ 2 S0 E a0l

Yp*k

where A i (s) :Bi’k(l//(])(s), ) ..,l//(i_k+1)(s)), W p(s) = = g
: B

(p—i)s"*in(s)—s»* ¥ 11 (p—i)
xk(S) _ i=k _ Jj=ki=k,i#j
[T(p—i)?

i=k

and

(b—a)

i!

n—1
k=Y Aiila)
i=k

where  is as in (2.3). By using (2.8) we obtain following inequality:

1
n p—

q

9

P#q

P=4q,
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n—1 __+\n—1 —p
(an,qw(a))am,q<w<b>>+kzlwk,q< pes [0 Zwk,qom,k(r)dr) <

n—1 b (b_t)nfl n =4
(wO,p(‘I/(a))—a)o,p(llf(b))‘f'];wk7p(‘l’(a))’<+ ; (n—l)!kZ‘lwk’p(tM"’k([)dt)
_ #\n—1 q-p
<w0”("’(“”‘ L ontviass [ G Zwkramk(z)‘”)
a k=1

wheren < p < g <r.

We can proceed with our construction also on inequalities given in Corollary and Theorem

We define the linear functionals

b(b—lnl n

o1 i0)= | Y0 B0 H @) 1 )

(n—1)!

—¢ (/Obh(t)dz> . G.13)

where £ is as in (a)-part of the Corollary From Corollary it follows that if ¢ is (n+ 1)-convex

and ¢)(0) =0, fork =1,2,...,n, then f {(®) > 0.

_/Obk(x)¢ (/Oxh(t)dt> dx (3.14)

where k and K, are as in Theorem[I.5]and £ is as in Theorem [I.5(a). From Theorem[L.5]it follows that if

¢ is (n+ 1)-convex and ¢ (0) =0, for k =1,2,...,n, then f »(®) > 0.

Corollary 3.2. Let I C R be an open interval, and T' = {n,|t € I} is a family of n+ 1 time continuously
differentiable functions defined on J = [0,0) with nX)(0) = 0 for every k = 1,2,....,n, such that for

every choice of n+ 2 mutually different points xo,x1, ..., Xy+1 in J the function t — [xo,X1,...,Xn+1;M;] is
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2-exponentially convex on I.

Consider the functional ¢ — [ ;(9), for i = 1,2 as given in (3.13) and (3.14). Then,
(i) If t — F {(n) is continuous on I, then it is 2-exponentially convex function on I. If, in addition,
t v+ [ i(ny) is is strictly positive then it is log-convex as well. Moreover, following inequality holds:

S—=r

(Fin0) ™ < (rim)) ™ (im0 (3.15)
foreveryr,s,;t € I wherer < s <t.

(ii) Ift — F ;(n,) is strictly positive and differentiable on I, then for every p,q,u,v € I such that p < u,

q < v, we have:

ALLPJI(FiaF/) < “u,v(Fiarl) (3.16)

Example 3.3. Let h be as in Corollary The following family Ty = {¢, : p € (n+1,0)}, where ¢,
is defined by and satisfies the assumptions of Corollary Moreover, Q| is linear functional

defined with (3.13). For the given family, we compute the mean and (3.16) holds:

1
pP—q

-1 - bnydr)’
plor Y #Bn‘k(h(t),h“)(t)7~--7h("*k)(t))df—w
T k=1 _I'[k(p—i) ' ‘HO(pfi>
i= i=| >n
b (b=t & q—k 1 (n—k) (-’é)h(')d’)q ’ p 7é q ’
Jo Dl X G Bu g (h(t),hV) (2),....h=0) (2)) di— >T——

R k=1 T1(¢—=) 11 (-0
Wpq(F1,T) = i

=k
i Gt £ [xmBn,k(h(t),h“)<r>,...7h<"*k><z>>dr ~ 20y hlo) )

exp 3 — |, P=qg>n,
n—1 n _ h(t)d

R T P A AL
T k=1 _nk(p—;) .HO(I’—i)

= i=

where Xy is as Example[3.1} By using (3.13), we get the following inequality:
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r=p
) b(bt)ln_,lf (0 K. K ) d D) <
o =D S (g—-i) I1(g—1)
i=k i=0
-l n - Yh(t)d q
[y .10, a0
o D E (- f1(p-)

wheren < p < q<r.

Example 3.4. The following family T, = {¢), : p € (n+1,0)}, where ¢, is defined by and satisfies
the assumptions of Corollary Moreover, &, is linear functional defined with (3.14). For the given

family, we compute the mean and (3.16)) holds:

niydi )’ D—
I3 K £ B (0 )0 0)) i oy LBH0)" N 7
k=1 IHI\( —i) igo(p—i 7&
g , pP#4q;
I Kale) &, Bas M0 0 0 0) i ) <>('°hi),d.>) “
Hpq(F5,T5) = B o
I8 80) £ 200000 0) 0D 1) 1)) [ RG3)05 0) )
eXp n (X f [p ) p:%
JKa0) 25 By (0B (1) 2 ) L)
k=1 igk(pfi) igo(pfi

By using (3.15)), we get following intersting inequalitiy.

Ifn<p<gq<rthen,



62 Asfand Fahad, Josip Pecari¢ and Julije JakSeti¢

/bKn(f) )3 ntqkBn,k(h(t),h(”(t),~--,h(""‘)(t))dt—/bk(x)de
0 =1 (g—1) 0 Tq—i)
i=k =0
< / bKn(f)Zn:#Bn,k(h(t),h(l)(t),...,h("’k)(t))dt— / bk(x)wdx
0 kzligk(p_i) 0 I.EO(P—’?
bK"(’) i nt;an,k(h(l),h(l)(I), LRI ar — /bk(x)de
Y L C I

q-p

The next inequality can be found in [3]. For p > 1, [ > 1 and a nonnegative function 4 such that

x'=P/lp € LP(0,b),

[ (s s 25 [ e

Observe that the classical Hardy’s inequality is inequality (3.17) with b = oo.

The following inequality (see [3]]) is similar to (3.17):

/Ob <)1C /Oxh(t)dt>p dx

where /4 is as in Theorem [L.3]

IN

The following example give us improvement of (3.18).

Example 3.5. By taking ¢(t) =P, p > 1, n=1 and k(x) = x? in (3.14)) and using (3.13) for

get

Pl—)l-/ob (1 - <2>,,1> Ae)ar - /ob (ch/oxh(t)dt)p dx >
(Gl () Yo [ (4 ) )

L foral [ -Gy a]

3.17)

(3.18)

i=2, we

(ril /f(“(;)”) h(z)dz_/o”C Oxh(t)dt)rdx>rq
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where 1l <p <g<r.

By using Holder’s inequality on left hand side, we get

p—1

ﬁ [ obh(t)pdt];} [/ob (1 - (2)1"1) - df] : _/ob Cc/oxh(t)dty dx >
(Gl () Yo [ (4 ) )
(ril /0b<1_ (2)1> h(t)dt_/ob<)lc/(;xh(t)dt)rdx> =

S

which is improvement of (3.18).
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Abstract

In recent years, a new difference scheme with high accuracy has been applied for solving
convection-diffusion equation [3]. In this paper an application of Homotopy perturbation
method (HPM) is used to solve linear and non-linear diffusion-reaction problem (NDRP).
Diffusion-Reaction equations have special importance in engineering and sciences and con-
stitute a good model for many systems in various fields.We tried to compare the differential
transform method (DTM) and HPM for solving time dependent reaction-diffusion equations
and found that the proposed method HPM are comparable with the results of DTM for small
parameter values but differed at large parameters.The proper implementation of He’s Ho-
motopy perturbation method can extremely minimize the size of work if compared with the

existing differential transformation method.
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1 Introduction

In the recent years, with the rapid development of nonlinear science, the development of numerical tech-
niques for solving non-linear equations is a subject of considerable interest, and many scientists and
engineers have done the excellent work [[8]. The applications of Homotopy theory have become a pow-
erful mathematical tool in the nonlinear problems [14]. The HPM has been widely used by scientists and
engineers to study the linear and Non-linear problems [13]. As we all know, there are many effective
methods that are applied to investigate the explicit solutions of various equations. Compared with other
methods, the HPM always deforms the difficult problem into a simple and easily solvable one, which is
a coupling of the traditional perturbation method and Homotopy in topology. With this method, a se-
ries solution can be obtained that is usually rapidly convergent and with easily computable components
[5]. Geng and Cui [4] first pointed out the effective approach to such problems using the Homotopy
perturbation, variational iteration, and numerical methods. Exponential methods are also applied for
one-dimensional reaction diffusion problems where non-linearity treatment is made by Taylor series ex-
pansion [12]]. In this paper, we considered reaction diffusion models with convective terms.

We apply the differential transform method as an alternative to other existing methods in solving linear
and non-linear systems of partial differential equations. The concept of differential transform method is
first introduced by Zhou [16]] in solving linear and non-linear initial value problems in electrical circuit
analysis.

The performance of DTM to solve initial value problem was studied by Jang et al. [9]. They have ap-
plied two-dimensional differential transform method to solve partial differential equations. This method
constructs an analytical solution in the form of a polynomial. It is different from the traditional higher
order Taylor series method, which requires symbolic computation of the necessary derivatives of the data
functions. The Taylor series method computationally takes a long time for large orders. The differential

transform method is an iterative method for obtaining analytic Taylor series solutions of ordinary or par-
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tial differential equations.
DTM and HPM are very efficient and useful methods to find the numerical and analytic solutions of

linear, non-linear differential equations, delay differential equations as well as integral equations.

2 Mathematical Formulation

In this study we are going to discuss one dimensional time dependent Cauchy reaction diffusion problems

such as [9]:

(au((;;’t)) =D (W) +r(xnu(x,), (xt)eQCR 2.1)

where u(Xx, t) is the concentration, r(x, t) is the reaction parameter and D > 0 is the diffusion coefficient,

are subject to the initial and boundary conditions

u(x,0) =g(x),x€R (2.2)

du(1,1)

u(0.1) = fole) 1€ R S5

=fi(t) teR (2.3)

The problem given by Eq. (1) and (2) is called the characteristic Cauchy reaction diffusion problem in
domain Q = R x R, while the problem given by Eq. (1) and Eq. (3) is called the non-characteristic
Cauchy reaction diffusion problem in the domain Q@ = R x R;. Eq. (1) is referred as Kolmogorov
PetrovskyPiskunov equation for r(x,#) = 1 and the prescribed initial and boundary conditions are chosen
based on the model given by Bataineh et al. [2]. Various values of fy(7) and fi(¢) are considered based
on the case studies made by Bataineh et al. [2].

The solution of these problems is attempted by using the DTM and HPM. Although DTM is a good
approach for application in various fields of science and engineering, but it has some drawbacks as DTM
provides the series solution of the given problem, which does not explain the real behavior of the problem
[6]. HPM has the flexibility to find the solution of linear & non-linear boundary value problems for small

as well as large parameters [[7]].
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The considered reaction terms are specified in different special class of reaction terms defined by Othman

et al. [11] and Yildirim [[15]].

2.1 Applications
2.1.1 Case-(i)

Let us consider a steady reaction equation (i.e. reaction at a fixed time level), r(x,#) = r(x) only, where

r(x) = (=1 —4x?). The reduced form of equation (1) can be written as

du(x,t) Dazu(x,t)

ot 0x?

+ (=1 —4x)u(x,1), (x,1) € Q C R (2.4)

Initial and boundary conditions are given by [2]

2

u(x,0)=e", xeR (2.5)

du(1,1)

u(0,t)=¢€, t € R and pp

=0, 1R (2.6)

The initial condition is considered based on the case studies made by Bataineh et al. [2] with D =1 and
the boundaries are due to Arrhenius combustion nonlinearity condition or combustion nonlinearity with

activation energy but no ignition temperature cutoff in a rector algorithm.

2.1.2 Case-(ii)

In this case we have considered a time dependent reaction term (Yildirim [15]), r(x,¢) = r(x,t), where
r(x,t) = 2t —2 —4x>. In this case, Eq. (1) will be reduced in the form:

du(x,t) Dﬁzu(x,t)

ot Idx2 + (2t -2 74x2)u(x,t), (xvt) €QC R2 2.7

Initial and boundary conditions are described by-

2

u(x,0)=¢", xeR (2.8)

du(l,1)
ox

u(0,1) =¢"”, t € R and =0, t€R (2.9)
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In this work, we relies mainly on two of the most recently methods, the HPM and DTM. The two
methods, which accurately compute the solutions in a series form, are of great interest to applied sciences.
The effectiveness and the usefulness of both methods are demonstrated by finding exact solutions to the
above problems described in case (i) and case (ii) that will be investigated. However, each method has

its own characteristics and significance that will be examined.

2.2 Solution Methods

The Cauchy reaction diffusion equations stated above are 1st approximated by DTM.
2.2.1 One dimensional differential transformation

The differential transformation of k' derivative of a function s(x) is defined as

S(k) = [dks(x)} - (2.10)

Tk |k

The transformed value of s(x) is denoted by S(k) the inverse transformation of S(k) is defined as
s(x) =Y S(k)(x—x0)* (2.11)

By using (10) and (11) we get

> 1 [d*
=T [0] e

The transformed term s(x) represented by Eq. (12) can be derived and approximated by Taylor series

expansion at x = xg.
2.2.2 Two dimensional differential transformation

Suppose a function of two variables u(x,y) analytic in the domain R, and let (x,y) = (xo,y0) be a fixed
point in this domain. The function u(x,y) is then represented by a power series whose center at located

is (x0,y0). The differential transformation of function u(x,y) is of the form

1 [8k+hu(x,y) 2.13)

dxt9y" ] (¥0.30)
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The inverse transform is defined as

By Eq. (13) and (14) we get

> =2 1 [ u(x,
u(xay) = ];)};) A |: (9Xk(§yhy):| (x_xO)k(y_yO)h

After using (xp,y0) = (0,0), in Eq. (15) we get a finite series as

m n

u(x,y) = Z Z U(k,h)x*y" at (0,0)

k=0h=0

(2.14)

(2.15)

(2.16)

The final form of the solution gives the approximate solution in a series form which will be comparable

with Adomian decomposition method (Lesnic [[10]]).

2.3 Application of DTM

The application of the differential transformation method (DTM) and its operation on solving the stated

reaction diffusion problem Eq. (1) can be represented as,

m n koh k h m n

m n m n

Z Z U(k,h)x*t"'"h=D Z ZU(k,h)k(k— )52

k=0h=0 k=0h=0

k=0h=

Comparing both side coefficients of x" and ¥ we get following transformation

LKhh+1):hiJ[D@+JXk+2ﬂMk+2h

h+1 a=0b=

et (2.17)

ZZRkh U(k,h)x*")  (2.18)

ZZUk a,b)R(a,h—b)] (2.19)

Considering the differential transformation to the initial and boundary conditions (2) and (3) respectively,

we get

U(k,0) = G(k)

U(0,h) = Fy(h)

(2.20)

2.21)
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U(1,h) = F (h) (2.22)

By using Eq. (20)-(22) into Eq. (19), we can calculate U (k,h). We substitute all U (k, k) into Eq. (16) as

m — oo and n — oo, the solution of u(x,y) can be consequently readily obtained.

2.4 Homotopy Perturbation Method (HPM)

To illustrate HPM consider the following nonlinear differential equation

A(u)—f(r)=0, reQ (2.23)
with boundary conditions
P
B <u, ”> -0, rel (2.24)
ox

Where A is a general differential operator, B is a boundary operator, f(r) is a known analytic function
and I is the boundary of the domain Q. The operator A can be generally divided into two parts F and N,

Where F is linear,and N is non-linear. Therefore, Eq. (1) can be rewritten as follows:

F(u)+N(u)— f(r)=0. (2.25)

He constructed a Homotopy:  x [0, 1] — R which satisfies:

H(v,p) = (1=p)[F(v) = F(vo)]+ p[A(v) = f(r)] = 0 (2.26)

H(v,p) = F(v) = F(vo) + pF (vo) + p[N(v) = f(r)] = 0 (2.27)

Where r € Q and p € [0, 1] that is called Homotopy parameter, and vy is an initial approximation of (1).

Hence, it is obvious that-

H(v,0)=F(v)—F(v) =0, Hv,1)=A(v)—f(r)=0 (2.28)

And the changing process of p from 0 to 1, is just that of H(v,p) from F(v) — F(vg) to A(v) — f(r).

In topology, this is called deformation, F(v) — F(vy) and A(v) — f(r) are called Homotopic. Applying
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the perturbation technique, due to the fact that p € [0 1] can be considered as a small parameter, we can

assume that the solution of (25) can be expressed as a series in p, as follows:

v:v0+pv1+p2vz +p3V3—|—... (2.29)
When p — 1, (25) corresponds to (23) and becomes the approximate solution of (23), i.e.

u=Ilim, ,;v=vo+vi+va+.. (2.30)

The series (29) is convergent for most cases, and the rate of convergence depends on A(v). For applying
this method He suggested following conditions:
(1) The second derivative of N(v) with respect to v must be small relative to the parameter p.

(2) The norm ||F~! %—’X || must be smaller than 1 so that series converges.

2.5 Results and tested Problems

Here we will solve the problem of case (i) with D = 1 and r(x,t) = (—1 —4x?).
2.5.1 Solutions obtained by DTM

The transformed form of equation (4) with D = 1 is given below
1 k h
Uk,h+1) = W1 (k+1)(k+2)U(k+2,h) — -Y Y Ulk—a,b)R(a—2,h—b)| (2.31)
a=0b=0
By initial conditions-
1
U(k,0)={0if k=1,3,5,...}, U(k,0) = {(k)' if k:O72,4...} (2.32)
z .
By boundary conditions we can write-

U(0,h) = % Yh>0 (2.33)

U(1,h)=0Yh>0 (2.34)
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Using Eq. (32)-(34) into Eq. (31) by recursive method, we have the following values in Table (1) with
U(k,h) =0 for k =3,5,7... And h > 1 When we substitute all values U (k,h) into (16) as m — o and
n — oo, we obtain series for u(x,7). Then when we rearrange the solution, we get the following closed

form solution:

w(x,t) =Y Y Uk, h)(x)k (1) = &40 (2.35)
k=0h=0

U@2,1)=1 U4,1)=1/2 U6,1)=1/6 U(8,1)=1/24
U2,2)=1/2 U4,2)=1/4 U(6,2)=1/12 U(8,2) =1/48
U@2,3)=1/6 U@43)=1/12  U(6,3)=1/36 U(8,3)=1/144
UQ2,4)=1/24  U(4,4)=1/48 U6,4)=1/144  U(8,4) =1/576
U@2,5)=1/120 U(4,5) =1/240  U(6,5)=1/720  U(8,5) = 1/2880
U@2,6)=1/720 U(4,6)=1/1440 U(6,6)=1/4320  U(8,6) =1/17280
U(2,7)=1/5040 U(4,7)=1/10080 U(6,7)=1/30240 U(8,7)=1/120960

Table 1: Values of U (k,h) fork =3,5,7... And h > 1

2.5.2 Solutions obtained by HPM

Consider the equation-

du(x,t)  9%u(x,t)
ot ox?

+(—1 —4x2)u(x,t), (x,t) €R? (2.36)

Initial and boundary conditions are given below-

2

u(x,0)=e", xeR (2.37)

du(1,1)

u(0,t)=¢€', t € R and P

=0, t€R (2.38)
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Creating Homotopy of the above given Eq. (36) We get the Eq. given below-

du duy 2%u  duy 2
o o Plaw T (e @

Suppose the solution of Eq.(39) Will be in the form
u = ug+ pu +p2u2 —|—p3u3... (2.40)

Substituting Eq. (40) in Eq. (39) and compare the distinct powers of p, follows that-

Similarly other terms we can obtain, now by choosing uo(x,#) = u(x,0) = ¢* ,and solving above equa-
tions we will obtain following approximations-

Uy = et

ur = % (e°1?)

uz = %(exzt:%) ce

Similarly we can obtain other terms Further the series solution by HPM will written in the form-

U=uo+u+ux+.. (2.41)

a2 x2 x=2 i x2.3
u=(e")+ (e 1)+ (e t)+3'(e r)... (2.42)
u=e" (2.43)

Hence the solution of the problem in equation (36) we obtained by Homotopy Perturbation Method is

same as the solution we get from the Differential Transformation Method.
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2.5.3 Simulated result through MATLAB

Numerical solution computed with 20 mesh points

0.4

0.2
Distance x

Figure 1: Exact solution obtained by DTM and HPM.

~J

___f-ffé'; 10
= 5

2 distance x

Figure 2: Approximate solution obtained by VIM (up to fourth order).

In computational form we tried to validate the simulated result using MATLAB. Fig. 1 represents
the simulated solutions for exact results obtained by HPM and DTM. From the figure it is observed that
both solution methods provide same solutions. To find the better solution method of these two methods,
some special cases of Homotopy analysis method i.e. variational iteration method (VIM) is used for the
simulation. Fig. 2 shows the approximate solution obtained by VIM which shows a minute difference

with the results obtained by DTM and HPM and the solutions are obtained by considering the expanded



76 Nini Maharana, A. K. Nayak, H. B. Pattnaik, and S. Srivastav

c
5o v w o~ o o N

00 00

Figure 3: Approximate solution obtained by HPM and DTM (up to fourth order).
terms upto fourth order.
2.6 Test problem for non-linear Transient equation
Now the problem of case (ii), By taking D = 1 and r(x,) = 2t —2 — 4x°.
2.6.1 Solution obtained by DTM

The transformed form of Eq. 7 is given below-

Ulk,h+1) = % [(k+ 1) (k+2)U (k+2, 1) —2U (k)]

1
1 kK h
+m ZG;)IEU(k—a,b)R(a,h—b—l)]]
1
i 4;)l;U(k—a,b)R(a—2,h—b)]] (2.44)

By initial conditions-

1
U(k,0)={0 if k=1,3,5,...}, U(k,0)= {m' if k:O,2,4...} (2.45)
2
By boundary conditions we can write-
1
U(k,0)={0if k=1,3,5,...}, U(k,0) = {W if k:0,2,4...} (2.46)
z .

U(1,h)=0Yh>0 (2.47)
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Using Eq. (45)-(47) into Eq. (44) by recursive method, we have the following values in Table (2) with

U(k,h) =0 for k =1,3,5,7... And h > 0 When we substitute all values U (k,h) into (16) as m — oo and

n — oo, we obtain series for u(x, t). Then when we rearrange the solution, we get the following closed

form solution:

UQ2,2) =1 U@4,2)=12 UG2)=1/2 U82)=1/24
UQR4A) =112  U@dd=1/4 UGH=172 U8,4)=1/48
U@2,6)=1/6 U@6)=1/12 U6,6)=1/6 U(8,6)=1/144
U2,8)=1/24 U4,8)=1/48 U(6,8)=1/24 U(8,8)=1/576

Table 2: Values of U (k,h) fork=1,3,5,7...and h > 0
2.6.2 Solution obtained by HPM

Consider the equation-

du(x,t)  9%u(x,r)
ot ox?

+ (2t =2 —4x)u(x,1), (x,1) € QC R?

Initial and boundary conditions are given below-

u(x,0)=e", xeR

du(1,t)
ox

u(O,t):e’z, t €R and =0,t€R

Creating Homotopy of the above given Eq. (49) We get the Eq. given below-

Ju B dug d*u  Auy

e Z7 a4 o 2
o o P|awe T T2

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)
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Suppose the solution of Eq.(49) Will be in the form
U= uy —|—pu1+p2u2 +p3u3... (2.53)

Substituting Eq. (53) in Eq. (52) and compare the distinct powers of p, follows that-

Pl g — e =0

plid = P oy (24 4x)ug
P % = %2;’21 + (2t =2+ 4x?)uy

PP = (224 4

Similarly other terms we can obtain, now by choosing ug(x,7) = u(x,0) = ¢~ And solving above equa-

tions we will obtain following approximations-

Ui :ele‘Z
2
Uy = %(ex t4)
2
uz = 5 (e"1%) . ..

Similarly we can obtain other terms Further the series solution by HPM will written in the form-

u=ug+u +uy+... (2.54)

1
u=(e")+ (") + 5 (" 1) + 5(exzﬁ)... (2.55)
U=l (2.56)

Hence the solution of the problem in equation (49) we obtained by Homotopy Perturbation Method is

same as the solution we get from the Differential Transformation Method.
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2.6.3 Simulated result through MATLAB

Numerical solution computed with 20 mesh points

0.6
0.4

Time t 0 Distance x

Figure 4: Exact solution obtained by DTM and HPM.

Figure 5: Approximate solution obtained by VIM (up to fourth order).

The solutions obtained by both these methods (DTM) and (HPM) (Fig. 4) are same. The accuracy of
HPM for both problems is controllable and absolute errors are very small with the present choice of t and
x. Fig. 5 represents the approximate solution obtained by VIM considering the series up to fourth order
terms. The exact solution obtained by HPM or DTM are same as that obtained by Variation Iteration

Method [T]].
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Figure 6: Approximate solution obtained by DTM and HPM (up to fourth order).

3 Conclusion

The main goal of this work is to conduct a comparative study between the Differential transformation
method (DTM) and He’s Homotopy Perturbation method (HPM). These two methods are so powerful
and efficient that they both give approximations of higher accuracy and closed form solutions if existing.
Differential transformation method (DTM) provides the components of the exact solution when these
components follow the summation given in Eq. (12) and Eq. (16). However, He’s Homotopy Pertur-
bation method (HPM) is a powerful mathematical tool for solving linear, nonlinear partial differential
equations. Moreover, the differential transformation method (DTM), which is based on the Taylor series
expansion, constructs an analytical solution in the form of polynomial series solution by means of an
iterative procedure. The solved examples presented in this paper always represent a closed-form solu-
tion. But the method can be extended by considering HPM analysis to deal with the family of nonlinear
reaction diffusion equations. We tried to validate the result of HPM with DTM and VIM and concluded

that HPM is more acceptable and accurate than other methods.
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This article is a survey, in which we analyze certain aspects of the class of bi-univalent
complex-valued functions defined on the unit disk. After the appearance of the paper by
Lewin in the 1967, the class of bi-univalent functions did begin to attract interest among
function theorists. He proposed a coefficient conjecture for the class of bi-univalent analytic
functions like Bieberbach. In this article we begin with the basic definitions and some exam-
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1 Introduction

Let 77 denote the class of analytic functions in the unit disc U= {z € C: |z] < 1} and &/ C % be the
class of normalized functions f(z) in U such that f(0) = f'(0) — 1 = 0. Let . be the class of functions

f(z) of &7 which are univalent in U. That is, f € .# has the form
f@)=z24+) ad’, z€U (1.1)
n=2

One leading example of .7 is Koebe function,

K = o :z+in@

which maps U onto the full complex plane with a slit along the negative real axis from —% to —oo.
It plays an important role in the theory of univalent functions as it is extremal to many problems in
univalent function theory. In 1916, Bieberbach proved his second coefficient theorem that |as| < 2 for
f € . and stated a historical conjecture that |a,| < n for n > 3 and f € .¥, with equality only for
Koebe function. Bieberbach’s second coefficient theorem was the first concrete evidence for the general
conjecture. But it took almost seven decades to prove the Bieberbach conjecture. Finally, in 1985 this
conjecture was proved by L. de Branges. During that period of 70 years, the geometric function theory
developed very fast and several new areas of research emerged. One such area of research is to study the
geometric properties of the function according to the bounds for the coefficients. The distortion theorem
[21]], one of the most important corollary of second coefficient theorem, which was one of the the basic
tools for further study on the second coefficient of the functions in .. That gave rise to the growth and
covering theorems for the class of univalent functions. A basic way to obtain a coefficient inequality like
Bieberbach type inequality is to relate the coefficients of f, to the area of some region in the complex
plane. The first such result was the area theorem, proved in 1914 by T.H Gronwal see[21]].

The basic principles observed in the proofs of theorems like growth theorems, covering theorems or

area theorems was to start with a function in ., carry out some algebraic transformations and then apply
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a known coefficient theorem to the results which will give several interesting consequences of Bieberbach
theorem. One such result is Koebe’s one-quarter theorem. The Koebe one quarter theorem [21]], ensures
that the image of U under every univalent function f € .% contains a disk of radius 1/4. Thus, every

univalent function f has an inverse f~! satisfying f~!(f(z)) =z, z € U, and
Ao =w (Il <nl. nn = 5). 12)
Infact, the inverse function f~! is given by
gw) =1 w) =w—aw? + (243 — a3)w® — (543 — Saraz +ag)w* +- - . (1.3)

A function f € o7 is said to be bi-univalent in U if both f(z) and f~!(w) are univalent in U. Let ¥ denote
the class of bi-univalent functions in U given by (I.I). Here we cite some examples of bi-univalent

functions in U are

z 1 1+z
——  —log(l— —1 — .
T “log(l-2). 5 0g<1_z)
Whereas
2
Z Z z
k(z) = - ——¢X
(Z) (1_Z)2vz 2a 1_Z2 ¢

We add, one family of functions defined by

A —1) (AeC,|A|=1;zeT)

are univalent in the larger disk |z| < 7 and their inverse functions are univalent in U. Therefore the
functions are also bi-univalent.

In late 60’s, it attracted interest among function theorists, to settle some coefficient inequalities like
Bieberbach conjecture for the class of bi-univalent functions and study their geometrical consequences.
Lewin is the first function theorist, who investigated the bi-univalent function class ¥ and conjectured a
coefficient inequality like Bieberbach type inequality. In 1967, by using Grunsky inequalities, Lewin [41]

showed that |a| < 1.51. He also proved that ¥ C X, where X is the class of all functions f = oy !,
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where ¢ and ¥ map from U onto the domain containing U and ¢’(0) = y'(0). In an example it was
shown that £; # X see [64]. Subsequently, in 1967 Brannan and Clunie [13]] conjectured that |a,| < V2.
In 1969, Suffridge [56] showed that a function in X; satisfies |a;| = 4/3 and conjectured that |ay| < 4/3
for all functions in X. Also in 1972, Jenson and Waadeland [36] proved that if f(z) € X, then |a3| <2.51,
but this result was not sharp. In 1976, Smith [54] showed the function f(z) = z+ axz® + a3z’ € %,
with real coefficients satisfies |as| < 2/+/27 and |a3| < 4/27 and the later inequality was sharp. He
also showed that if f(z) = z+a,7" € X, then |a,| < ("_rj# which will be sharp for n =2,3. In 1988,
Kedzierawski and Waniurski [39] proved the conjecture of Smith [56] for n = 3,4 by taking the function

f@)=z+am?+a+ - +ad" €L

In 1984, Tan [72], improved Lewin’s result and proved |a;| < 1.485 for the functions in . In 1985
Kedzierawski [37] proved the conjecture |a;| < v/2 for a special case when both f and f~! are starlike
functions. It was belived by many function theorists, that the bound |a,| < 1 was true for every n for
the class X. However, in 1969, in a very difficult paper E. Netyananhu [48]], ruined this conjecture by
proving that max sey |az| = %. Also in [10], Busklein tried to prove max|a,| > n/4, for the functions in
Y. He tried by considering an interesting example to show this but later it was shown that the function
was not in X because it had a pole in U. Later, Styler and Wright, disproved the conjecture by showing
laz| > %, for some functions in X, see [[64].

By that time nothing was known about the max |a,|, for the functions in £ when n > 3. But many
function theorists tried to find some sharp coefficient bounds for the functions in different subclasses of

Y. In the next section we consider some of the developments in this area.

2 Some Classes of Bi-Univalent Analytic Functions

Analogous to ., many subclasses of ¥ have been introduced to settle the Lewin’s, Brannan and Clunie

conjectures. In 1985, Kedzierawski [37] first introduce a subclass of ¥ that is, the special class of
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functions f(z) such that both f and f~! are starlike functions. He obtained the following result:
Theorem [37]]: Let f € .5, the class of functions f(z) such that both f and f~! are starlike functions

and g = f~!. Then

1.5894 if fe ge.”,
V2 if fe.* ge S,
1507  if fe.s* ge S,
1224  if fe¥€,ge S

laz| <

Some more subclasses of X like the subclasses of .7, were developed and studied. Here we list some

important subclasses and some results on these classes.

Bi-Starlike Functions of order o:
A function f(z) € o7 is said to be bi-starlike of order a (0 < & < 1) if both f(z) and f~! are starlike
functions of order a. Let .3 () denotes class of functions of bi-starlike functions of order . That is,

f(z) € 5 (o) satisfies the following conditions:

(2950 cen

and

Re(“ ) >0 (e

where the function g is defined by (1.3)).
Example: f(z) = z+ a7 € 7 (a) if |ag| < ﬁ.

Bi-Strongly Starlike Functions of order «:
A function f(z), is said to be in the class /3%, 0 < o < 1, the class of strongly starlike functions of order

a, if each of the following conditions are satisfied:

()< e

fex,
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and

()< e

where the function g is defined by (|1.3)).

In 1985, Branan and Taha [15], introduced the classes .75 (o) and /3 and found the non-sharp

bounds for |a;| and |as| stated in the following theorem.

Theorem[15]]: Let the function f(z) in £ and (0 < a < 1), then

2o

if feJ5,
V1
) < o 2.4)

20—a) if feS(a).

Similarly,

Mﬂg{za if fesEn 2.5)

2(1—a) if feSH(a).

Later in 2014, Mishra and Soren [43], improved the result. They found better estimation of |as3| for
the functions f(z) both in the class /3% and the class .5 (a). They also found the bounds for |a4| of

the functions in the classes which are included in the following theorems.

Theorem([45]]: For 0 < o < 1, let the function f(z) be in /3%, then

o O<a<i
Trar 30
and )

2 2 1602 —30— 3

3a<1_36oc 3ocll>’ 0< o< +3\é773’
(1+B)3
2 30— 3

jag] < {2 <1+§16“ 39 1) . HBc<act @7

(1+B)3

20 [ 150 2 1602 =3a—1 2

= + £ s<a<l.

3 <5a+4 3 (1+ﬁ)% )7 5
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Theorem[45]]: For 0 < ot < 1, let the function f(z) be in .75 (), then

W0 2(1-a)), O<a<i,

Jas| < (2.8)
20D 4 4(1 - a)), l<a<l

(S]]
IN

Srivastava et. al [67], introduced and investigated two novel subclasses %x(f) and %5 () of £ and

found non-sharp bounds.

The Class Zx(B): A function f(z) given by (|I.1]), is said to be in the class Zx(B), (0 < B < 1) if the

following conditions are satisfied:
fE€X and Re(f'(z)) >B z€U

and

Re(g'(w)) >B wel,

where g(w) is given by ((1.3]).

The Class %y (a): A function f(z) given by (1.1)), is said to be in the class Z5 (), (0 < o < 1) if the

following conditions are satisfied:

o
f€X and arg|(f'(2)] < > zeU
and
or
argl(g/0) < & we

where g(w) is given by ((1.3]).

We next cite some of the results of Srivastava at.el:
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Theorem[67]]: Let f(z) given by (1.1]) be in the class %5 (), (0 < a < 1). Then

[ 2 a3a+2
|Cl2| <o m and |a3| < (3) (29)

Theorem[67]]: Let f(z) given by (1.1)) be in the class Zx(B), (0 < < 1). Then

2(13—[3) (1-B)(5-3P) (2.10)

laa] < and [ay] < ——F2

Starlike and Bi-Starlike Functions with respect to symmetric points:

In [53], Sakaguchi introduced and investigated the class .7, the class of starlike functions with respect

to symmetric points in U; consisting of functions f € .o/ that satisfy

zf'(2)

R0 -2

>0, zeU

The class of functions univalent and starlike with respect to symmetric points includes the classes of
convex functions and odd starlike functions. Later in [52]], Ravichandran has extended this class like

Ma-Minda type (see [44]). He defined, the class ., (¢), by

2zf'(2)

R0 - (=2

<¢, zel, (2.11)

where the function ¢ is analytic with positive real part in U; ¢ (0) = 1 and ¢’(0) > 0 and with the property
that ¢ maps U onto a domain starlike with respect to 1 and symmetric with respect to the real axis. So
¢ (z) has the series form

¢(z) =14+ciz+c> 4+, ¢1>0. (2.12)

In [18], Crisan defined similar type of class for the bi-univalent functions. A function f € ¥ is said

to be in the class .#;'(9) if both f and f~' are .7;*(¢), where ./ (¢) is the class of functions given in
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(2.11). He derived the following estimations.

Theorem([18]]: Let f(z) given by (1.1) be in the class .z (¢), then

1 1
laa| < c1yet and as| < Ser (1 + 201) . 2.13)
\/2‘0%—1—26‘1 —2C2|

For ¢(z) = %jja), 0 < o < 1, then the above theorem gives the following results.

Corollary[18]: Let 0 < o < 1 and f(z) given by (I.1)). If the following conditions are satisfied

22f'(z)
(i) > we

and

Re(L 20 ) s a, zew

where g = f~! defined by (1.3)), then
laz| <V1—a and |a3|<(1—-a)(2—a).

Also similar type of the coefficient estimations of the bi-univalent functions in the class of convex
functions and strongly starlike functions with respect to the symmetric points and Ma-Minda starlike
and convex functions have been derived in [4} [18] [19]]. Recently, in [8} [7]], Altinkaya and Yalcin have
introduced some more generalized classes of Ma-Minda type and derived the coefficient bounds of the

initial coefficients.
3 Some More Generalized Subclasses of Bi-Univalent Analytic Functions

In fact, the aforecited work of Srivastava et al.[67] essentially revived the investigation of various sub-
classes of the bi-univalent function class in recent years;it was followed by such works as those by Frasin

and Aouf [25]).
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In this section we are going to highlight the studies on some more generalized subclasses of bi-
univalent analytic functions. Extending the results of Srivastava et.al [67]], Frasin and Aouf [25]] obtained
estimate of |ay| and |a3| for the functions f(z) € X for a more generalized subclass similar to the subclass

of . introduced by Ding et. al.[23]]. They defined the following subclasses:

Definition (The Class %x(a,A)): A function f(z) given by (1.1]) is said to be in the class Xx (o, A)

(0<a <1, A>1),if the following conditions are satisfied:
z

fe€Xand Re <(1—)L)f(z) +lf’(z)> >a, zeU

and

Re ((1 —7L)g(ww)+lg’(w)> >a, wel,

where g is given by ((1.3).

Definition (The Class %5 (a,A)): A function f(z) given by (1.1]) is said to be in the class %5 (o, A)

(0 < a <1, A>1),if the following conditions are satisfied:

fe€Xand arg((l—/l)f(zz)+lf’(z)>’<ogt, ze U,
and
arg((l—k)‘g(vvm+lg’(w)>‘<0;n, wel

where g is given by (|1.3)).

For A = 1 the above classes reduces to Zx (o) and %5 () introduced and studied in [67]. They proved

the following results which generalizes the results in [67].
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Theorem|[25]]: Let f(z) given by (1.1)) be in the class Bx(a, 1), (0 < a < 1,A > 1). Then

2(1—a)
< /2L =% 14
a2l <A/ a1 (3.14)
and
41-a)* 2(1—a)
< . 3.15
sl < G Y 15
Theorem[25]]: Let f(z) given by (1.1]) be in the class %5 (a,A), (0 < a <1,A >1). Then
2
|az| < c : (3.16)
VA+1)2+a(1+21+12)
and
4a? 2a
< . 3.17
sl < Tt @17

Later in 2013, Caglar et.al.[20] introduced and studied following two more generalized classes similar

to the classes of Bazilveic functions in .% defined by Zhu in [77]].

Definition (The Class .#{ (a,A)): A function f(z) given by (1.1)), is said to be in the class .Z¢ (a,A)

(0<a <1, A >1),if the following conditions are satisfied:

f€Xand Re ((l—l) (JC(ZZ)>#+7Lf’(z) <f(zz)>u_l> >a, zeU

Re ((1 _2) <g(v:”))ﬂ + g (w) <g(vf)>“_l> sa, wel,

where g is given by (|1.3)).

and

Definition (The Class 45" (&, 1)): A function f(z) given by (1.1)) is said to be in the class 45" (a, 1)

(0<a<l1,A>1,u>0),if the following conditions are satisfied:

- ((1 -0 (1) s ar (ff))”)

on
<— z€U

€ X and
f an 7
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and

arg ((1 ~2) (g(ww)>“ +Ag'(w) <g(ww)>“—1> ‘ < ? wew,

where g is given by ((1.3).

For A =1 and u = 1 the above classes reduces to Zx (o) and %5 () introduced and studied in [67].

Further in 2016, these classes have been extended and studied by Sahoo and Singh [63] for 1 < O,
which are similar to the subclasses of non-Bazelevic functions in . introduced and studied in [69]].

Bounds for for initial coefficients of several subclasses of bi-univalent functions similar to many sub-
classes of . were also investigated in [4} [11} 20} 25| 26| 28], [29] 31}, 32| 40, 145! 47}, 146, 51} 163}, 65| (67,
68, (70, 75, [76]. Fekete Szego problems on some subclasses of bi-univalent analytic functions were also

investigated in [15, (34} [78]].

4 Use of Faber Polynomials in the class of Bi-Univalent Analytic and
Meromorphic Functions

In the literature, there exists only a few works of determining the general coefficient bounds |a,| for
the bi-univalent functions by using Faber polynomial expansions. The Faber polynomial introduced by
Faber [24], plays an important role in various areas of mathematical sciences,especially in geometric
function theory.

Let o denotes the class of all meromorphic univalent functions g of the form

=) bn
q(2) =2+ Y -,
n=0 %

(4.18)

defined on the domain U* = {z € C: 1 < |z] < =}. So

co, zelU",
Z
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where f(z) defined by (1.1)). In [73], P.G.Todorov defined the Faber polynomials ¢,(7) of degrees n =

1,2,... in terms of a,, the coefficients of f(z) defined in (1.1]) as follows:

n

Z k—1)ID,i(ar,az,. .. an ji1)t*, n=12,..., (4.19)
where a; = 1 and
n
dy =Y (-1 (k= 1)Dyy(az,a3,...,ap-k12) n=12,.... (4.20)
k=1
and
0 lnkarl
Dyi(ar,az,... an—k+1) Z (@ k+1), , 1<k<n, 4.21)
el pgert!

a; = 1 and sum is taken over all non-negative integers iy, ...i, satisfying iy +ir +--- +i,—x+1 =k, i1 +
2+ -+ (n—k+1)iy_g+1 =n. Also @,(¢) can be written as b,, the coefficients of g(z) defined in (4.18))

as follows [74]:

On(t) = —ny,(t) +n i} %l}/n_m(m)t", n=1,2,..., (4.22)
where
Y = ]é(—l)kl(k— D)!D (b, b1, bi), (4.23)
and where
Vim = Zg:(_m)k!Dn—m,k(bOa bi,...,by_m—x). (4.24)

Later in 2006, Airault and Bouali [[1], derived the inverse of an analytic function in terms of Faber poly-

nomial as follows:

Theorem: Let f(z) € o7 given by (1.1]). Then inverse function of f, is expressed as
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where

—n _ 7}'1)' n—1 —n)! n—3 —n)! n—4 771)!
Ko, = 7(—211—(&-1)!@—1)!“2 + 4(2(—ni1)))z(n—*3)zaz as+ 7(_zni3)z)(n_4)z“2 as+ 4(2(—n§-72 =R

(—n)!

a5 las+ (—n+2)a3) + osiimends Clas+ (—2n+5)asas] + L7057V,
such that V; with 7 < j < n, is a homogeneous polynomial in variables a;, a3, ... see [3]]. In particular,
K[?=2a, K, =3(d—a), K;*=(56—5aa3+as).

In general, for any p € Z,

p(p—1) p! p!
2D _ % p NI S
2 Ot st L

where D, , = D, ,(ai,az,...,a,), and D, is defined in 1' [74]. Let o denotes the class of all

Kr‘lz) = pa, + Dn,na

meromorphic univalent functions ¢ of the form given by (4.18)). Since ¢ € o is univalent, it has inverse

g~ ! that satisfies
g '(q(x) =z (z&,U")
and

glg ' W) =w (M < |w| <oo,M>0).

Furthermore, the inverse function ¢~ ! has a series expansion of the form

hw)=q '(w)=w+ Y —, (4.25)

where M < |w| < oo, M > 0.

The estimates of the coefficients of the meromorphic univalent functions were investigated by many
authors which are existed in the literature. For example, in 1938, Schiffer [58] obtained the estimates
|by| < 2/3 for the function ¢(z) of the form in o for by = 0. In 1971, Duren [22] proved the
inequality |b,| <2/(n+ 1) for the functions ¢(z) of the form (4.18]) in ¢ for by =0 for 1 <k <n/2. He

then proved that this bound also holds for meromorphic starlike univalent functions g of order zero. In
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1951, Springer [61]] proved the following coefficient inequalities for inverse of the meromorphic univa-

lent functions

1 1
IB3] <1 and |B3+§B%| <3

and
(2n—2)!

Bop_y| <~
[B2n 1‘_n!(n—1)!

(n=1,2,...).

Kapoor and Mishra [38] found the coefficient estimates for the inverse of the meromorphic functions
which are starlike of positive order in U* and for its inverse functions they obtained the bound 2(1 —
o)/(n+1)when ((n—1)/n) < a < 1. More recently, Srivastava et al. [66] found sharp bounds for the
coefficients of starlike univalent functions of order o for O < o < 1, having m- fold gaps in their series
representation in U* and also for their inverse functions.

The above two articles [38, 166]] settled the coefficient bounds for starlike functions and their inverses
but they have not considered the bi-starlike case.

A function ¢(z) € o is said to be meromorphic bi-univalent if both ¢(z) and g~!(z) are in ©. Let 64
denotes the class of all meromorphic bi-univalent functions.
Example: The function ¢(z) = z+ 1/z is a meromorphic univalent function in U*. As a calculation

shows as

The problem arises when the bi-univalency condition is imposed on the meromorphic functions ¢(z).
The bi-univalency requirement makes the task of finding bounds for the coefficients of g and its inverse

! more involved. In [32], Halim et.al found bounds of |bo| and |b1 | on the class of bi-starlike

maph=gq-
meromorphic functions and bi-strongly starlike meromorphic functions, whereas in [30]], for the first

time, S.G. Hamidi et.al used the Faber polynomial expansions to study the coefficients of meromorphic

bi-starlike functions and found a more improved bound of the coefficients b, of ¢(z).
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Definition: A function g given by (4.18)) is said to be a meromorphic bi-starlike function of order o

0<a<l),if
q'(2) "
Re(q(z)>>a (zeU")
and
wh'(w) ]
Re<h(w)>>a (wel"),
where h =g~

Definition: A function ¢ given by (4.18)) is said to be a meromorphic bi-strongly starlike function of

order o (0 < ¢ < 1), if

()< e

q(z) 2
and
"(w) o "
arg< 7w) )‘ <5 (wel"),
where h =g~

Theorem [32]: Let ¢(z) defined by (4.18)) be meromorphic bi-starlike of order @ (0 < @ < 1), then

the coefficients by and b; satisfy the inequalities

lbo| <2(1—a) and |by| < (1—a)v/4a2 —8a+5.

Theorem [32]: Let ¢(z) defined by (4.18)) be a meromorphic bi-strongly starlike function of order o

(0 < o < 1), then the coefficients by and b; satisfy the inequalities
lbo| <2a and || < V502

In [30] S.G. Hamidi et.al proved the following theorem:
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Theorem [30]: Let ¢(z) defined by (4.18)) be meromorphic bi-starlike of order o¢ (0 < o < 1) in U*. If

by =by=---=b,_; =0 for nbeing odd or if by =b; = --- = b,_; = 0, for n being even, then
2(l—a)
b, < — =~ N.
[bn] < n+1 "’ ne

Theorem [30]: Let g(z) defined by (4.18)) be meromorphic bi-starlike of order o (0 < & < 1), then the

coefficients by and b, satisfy the inequalities

bo) < /2(1— ) and |by]=1—a.

Motivated by the classes .4 (o, A) and A5 (o, 1) introduced by M. Caglar et. al [20] for the bi-
univalent analytic functions (see section 3), Hamidi et.al introduced similar classes .#s(a, 1, A) and
Ne(a,u,A) for the bi-univalent meromorphic functions in [33] and extended the results in [30} [32].

They obtained

Theorem[33]: For 0 <A <1 and 0 < a < 1, let g(z) given by (4.18) and let g € As(ct,u,A). If
by=0; (0<k<n—1),then

Ibnlé' 2(1— o) ’

u—(n+1)4
Theorem[33]: For 0 <A <1and0< o < 1let g(z) given by (4.18]) and let g € A5 (ax, 1, A). Then

—aa) WA
w00 <l—mnuamr
lbo| <
2(-9) oAz
o =gy s o<
and
2(1—a)
b < 2%
TR

The recent publications [30] and [33]], the application of the Faber polynomial expansions to meromor-
phic bi-univalent functions motivated to function theorists to apply the same technique to classes of
analytic bi-univalent functions. In 2014, first time Hamidi and Jahangiri [29] considered the class of ana-

lytic bi-close-to-convex functions under certain gap series condition and derived bound of |a,| which are
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not yet appeared in the literature. They also demonstrated the unpredictability of the coefficient behavior

of bi-starlike functions.

Close-to-convex function and Bi-Close-to-convex function: A function f is said to close to convex

function if there exists a convex function ¢(z) such that Re <£18) > 0 for all z € U. A function is said

to be bi-close-to-convex if both f and f~! are close-to-convex.

Example [29]: Forn >3, f(z) =z+ nljz" is a bi-close-to-convex function.

We cite some of the results on this class as follows:

Theorem [29]: For 0 < a < 1 let f(z) € . be a bi-close-convex function of order a. If @y = 0; 2 < k <
n—1, then

2(l—a
an] < 14202

Theorem [29]: Let 0 < o < 1 and f € ./ (). Then

2(1—a), 0<a<i,
x| < |
2(1 - o), ;la<l
and
2(1— o), 0<a<i,
|a3|§ ( ) 1— 2
(1-a)3-2a), ;<ax<l

This estimations improved the results of [[15]].

In the same year, S. Bulut considered the class //12“ (a,A) defined by M. Caglar in [20] (see section 3)
and derived the coefficient estimations which improved the coefficient bounds derived by M. Caglar in
[20].

Theorem [9]: For A > 1, u >0and 0 < a < 1, let f(z) € e//lzu(a,l) be given by . Ifa,=;2<

k<n-—1,then
2(1- o)

ay| < ————
] pAt(n—1u

(n>4).
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Theorem [9]: For A > 1, u >0and 0 < ax < 1, let f(z) € //g(a,k) be given by 1) Then

I-a UA2A—22
Yo 0S¢ <trm@mie
laz| <
2(1—a) pA2A—A2
AT M@ = o<1

and

- f4a(—a)? | 2(1-a) 4(1-a)
mm{ (A+p)? Ry e (2x+u)(1+u)}, 0<u<l,

las| <
2(1-a)
A+p

>l
The estimation for |a,| is an improvement of the bound found by M. Caglar in [20] and for particular
values of 4 = 1 and A = 1, it improved the result in [50]. Recently, Jahangiri et. al [35] considered the
class of analytic bi-univalent functions with positive real-part derivatives and found the estimations of
|a,| by using Faber polynomial.

Also [2,[16] are some recent references in which Faber polynomial used to derive the estimation of |a,|

for some new class of bi-univalent functions.

Remark: Most of the studies on the classes of bi-univalent analytic functions and bi-univalent mero-
morphic functions, which are only in finding the estimations on bounds of some of the initial coefficient
whose sharpness are still open. Although the classes of bi-univalent analytic functions have been ex-
tensively studied in this line but there are many problems like subordination, convolution preserving
problems and many more are still untouched. So many new problems can be developed and solved on

these classes.
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Abstract

In this paper we discuss and relate some important fixed point theorems and best prox-
imity point theorems for contractions on a metric space endowed with a graph proved by
various authors in recent times. We establish an existence theorem on best proximity point
for generalized contractive mappings on a metric space endowed with a graph. Moreover,
our theorem subsumes and generalizes many recent fixed point and best proximity point

results.
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1 Introduction

Fixed point theory plays an important role in supplying a uniform treatment for solving equations of the

form f(x) = x where f is a mapping from a set K into a set X containing K. An element x € K is said
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to be a fixed point of the mapping f if f(x) = x. Fixed point theorems deal with sufficient conditions on
the set K C X and the mapping f : K — X which ensure the existence of a fixed point of f. Fixed point
theorems can be classified as metric fixed point theorems, topological fixed point theorems and order-
theoretic fixed point theorems. The well known Banach contraction principle is a fundamental theorem
in metric fixed point theory. Its significance lies in its vast applicability in a number of branches of
mathematics such as differential equations, eigenvalue problems, integral equations, numerical analysis
and complex analysis. The Banach contraction principle states that if (X,d) is a complete metric space

and f is a mapping from X into itself such that

d(f(x),f(y)) < kd(x,y)

for some k € (0, 1) and for all x,y € X, then the mapping f has a unique fixed point x( and the successive
approximation { f"(x)} converges to xq for any x € X.

Nadler [12] in 1969 generalized the contraction principle to set-valued mappings. Let CB(X) be the
family of all non-empty closed and bounded subsets of X and H be the Hausdorff metric induced by d
on CB(X). Nadler [12] proved that a mapping F from X into CB(X) has a fixed point (i.e., there exists
xo € X such that xo € F(xo)) if (X,d) is complete and H(F (x),F(y)) < kd(x,y) for some k € (0,1) and
for all x,y € X.

After that, Mizoguchi and Takahashi [11]] established the following result as an interesting extension

of Nadler’s theorem.

Theorem 1. [1]|] Let (X,d) be a complete metric space and F : X — CB(X) be a mapping such that
H(F(x),F(y)) < a(d(x,y))d(x,y) Vxy€X, (L)

where o : [0,00) — [0, 1) satisfying limsup,_,, a(s) < 1 for allt > 0. Then F has a fixed point.

Recently in 2008, Jachymski [8]] extended the Banach contraction principle in a different direction. He

obtained a fixed point theorem for single-valued mappings on a metric space endowed with a graph. Let
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(X,d) be a metric space. Consider a directed graph G where the set V(G) of its vertices coincides with
X, the set E(G) of its edges is such that E(G) 2 A (where A = {(x,x) : x € X}) and E(G) has no parallel

edges. Jachymski [8] proved the following theorem for mappings on (X,d) endowed with the graph G.

Theorem 2. (see [8].) Let (X,d) be complete and f : X — X be a mapping such that for all x,y € X
with (x,y) € E(G), (f(x),f(y)) € E(G) and d(f(x), f(y)) < kd(x,y) where k € [0,1). Assume that for
any {yu }nen in X with y, — y* and (yny1,yn) € E(G) Vn > 1, there exists a subsequence {y,, } pen such

that (yn,,y*) € E(G) for all p € N. Then the following statements hold.:
(i) {f"(x)}nen converges to a fixed point of f if (x,f(x)) € E(G);

(ii) For each x € X, {f"(x) }nen converges to a unique fixed point of f if G is weakly connected and

there exists xo € X with (xo, f(x0)) € E(G).

Extension of the results due to Jachymski [8]] for set-valued mappings can be found in [3]. For more
fixed point results on a metric space with a graph, one can refer to [10} 2[.

The paper is organized as follows. In Section [2} we have given some basic notations and definitions
required for the paper. In Section [3| we have discussed and related few important fixed point results for
set-valued contractions on a metric space with a graph proved by various authors in recent times. Then,
in Section {.1| we derive the existence of best proximity points for non-self Mizoguchi-Takahashi G-

contraction.
2 Preliminaries

In this section, we now recall some definitions and notations which are needed and related to the context
of our results.
Let (X,d) be a metric space, CB(X) be the family of all non-empty closed and bounded subsets of X

and CI(X) be the family of all non-empty closed subsets of X. For A, B € CB(X), let

H(A,B) = max {supD(b,A), supD(a,B)} ,
beB acA
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where D(a,B) = infycpd(a,b). The mapping H is a metric on CB(X) and it is said to be the Haus-
dorff metric induced by d.

Let us consider a directed graph G in which the set of its vertices coincides with X (that is, V(G) = X)
and the set of its edges E(G) contains all diagonal elements, that is, E(G) D A where A = {(x,x) : x €
X}. We also suppose that G has no parallel edges. Thus the graph G can be identified with the pair
(V(G),E(G)). Let G~! denotes the graph derived from G by reversing the direction of the edges (that
is, E(G™!) = {(x,y) €X x X : (y,x) € E(G)}). Let us denote by G the undirected graph deduced from
G by ignoring the direction of edges (i.e., E(G) = E(G)UE(G™")).

Following [9]], we now introduce some basic notions concerning the connectivity of graphs. Let x,y €
X. A path in G of length N (where N € NU{0}) from x to y is a sequence (x')Y_, of points in X such
that x* = x, ¥V =y and (¥ "!,x') € E(G) Vi = 1,2,...,N. We call that the graph G is connected if there

exists a path between any two vertices and weakly connected if G is connected. Let us denote

[x]¥ = {y € X : there is a path in G of length N from x to y},

e = e

neN
Throughout this articl the notation S denotes the class of functions o : (0,00) — [0, 1) satisfying

limsup,_,,, o(s) < 1 forevery t € [0,00).

3 Fixed Points of Set-Valued Contractions on a Metric Space with a
Graph

Throughout this section we assume that (X,d) is a metric space and G is a directed graph such that
V(G) =X, E(G) 2 A and G has no parallel edges. Now, we recall the notion of Mizoguchi-Takahashi G

contraction from the paper due to Sultana and Vetrivel [15]].

Definition 1. [15]] A set-valued mapping F : X — CB(X) is said to be Mizoguchi-Takahashi G-contraction

if for all x,y € X with (x,y) € E(G),
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(i) H(F(),F(y)) < a(d(x,y))d(x,) for some o € S;
(ii) if u € F(x) and v € F(y) is such that d(u,v) < d(x,y), then the pair (u,v) € E(G).

Remark 1. Let (X,d) be a metric space and F : X — CB(X) be a set-valued mapping satisfying the
contractive condition (1.1) due to Mizoguchi-Takahashi [11]. Then the mapping F is a Mizoguchi-
Takahashi G-contraction for the graph G where V(G) = X and E(G) = X x X. But the converse need not

be true which is illustrated by the following example.

Example 1. Let X = {%,%, ,Ln -JU{0,1}, d(x,y) = |[x—y| for x,y € X. Define amap F : X —
CB(X) as follows:

{ } forx =0,
_ 1 1
F(X)— {2n+1’7} forx277n:1>27"'>

{1} forx=1.

Consider a graph G with V(G) = X and E(G) = {(x,y) € X x X : d(x,y) < %}. Clearly E(G) 2 A and

G has no parallel edges. For x =0andy = %, n > 2, the pair (x,y) € E(G) and

are.F o) = ({03 b { 3 ) = 5 < 5t

m >n > 1, the pair (x,y) € E(G) and

1
2m

HE.FON =H ({ gz 5} {gmsre5 ) = g — o < 3060)

Hence, for all x,y € X with (x,y) € E(G), H(F(x),F(y)) < o(d(x,y))d(x,y) where o(t) = %for all

Also, for x = % andy =

t € [0,0) and if u € F(x) and v € F(y) is such that d(u,v) < d(x,y), then (u,v) € E(G). Thus F is a

Mizoguchi-Takahashi G-contraction. However, for x =0 and y = 1,

HF.FO)=# ({03 }.0)) =1=a0.) > 0@O.)a 0.1,

forany ¢ :[0,00) = [0,1) with limsup,_,,, ¢(s) < 1 for all t > 0. This proves that F does not satisfy the

contractive condition (1.1).
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In [15]], the authors proved the following theorem that gives the sufficient conditions for the existence
of fixed points for Mizoguchi-Takahashi G-contractions.

Theorem 3. [15]] Let (X,d) be complete and F : X — CB(X) be a Mizoguchi-Takahashi G-contraction.

For some N € N, suppose that
(a) there exists xo € X such that [xo]}. N F (xo) # 0

(b) for any sequence {z, }nen in X, if 2, — z and zy11 € [2a)XNF (24) Vn €N, then there is a subsequence

{zn, }ren such that (z,,,z) € E(G) for k € N.

Then there is a sequence {x,},cn in X where x,, € [xn,l]g N F(x,—1) for all n € N converging to a fixed

point of F.

Remark 2. It is worth to note that the above theorem yields Theorem |l| by considering the graph G

where V(G) =X and E(G) = X x X.
Sultana and Vetrivel [[15] also studied the existence of unique fixed point for single-valued mappings.

Theorem 4. [15] Let (X,d) be complete and f : X — X be a single-valued map such that for all (x,y) €
E(G),

(f(x),f(v)) € E(G) and d(f(x), f(y)) < a(d(x,y))d(x,y), (3.2)

where a € S. For some natural number N, assume that
(I) there exists xo € X such that f(xy) € [xo]%;

(I) for any sequence {z,}nen in X, if 7y — z € X and z,41 € [Zn]g Vn € N, then there exists {zy, ken

such that (z,,,y) € E(G) for k € N.
Then for all x € X, { " (x) }nen converges to a unique fixed point of f if G is weakly connected.

Remark 3. We have Theorem[2] the fixed point theorem due to Jachymski [8] as a corollary to the above

result by considering a.(t) = k for all t € [0,0).
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After that, Sultana and Vetrivel [17] extended the notion of Mizoguchi-Takahashi G-contraction with-
out involving the Hausdorff metric and study the existence of fixed points for such contractions. By

following [17]], we introduce the notion of generalized Mizoguchi-Takahashi G-contraction.

Definition 2. A set-valued map F : X — CI(X) is called generalized Mizoguchi-Takahashi G-contraction

if for any x € X and 'y € F (x) with (x,y) € E(G),
(i) D(y,F(y)) < a(d(x,y))d(x,y) for some o € S;
(ii) if z€ F(y) withd(z,y) <d(x,y), then (z,y) € E(G).

Remark 4. Any Mizoguchi-Takahashi G-contraction is a generalized Mizoguchi-Takahashi G-contraction.

In fact, for any x € X and 'y € F(x) with (x,y) € E(G),

D(y,F(y)) <H(F(x),F(y)) < a(d(x,y))d(x,y) for some o € S,

and if 7 € F(y) is such that d(z,y) < d(x,y), then (z,y) € E(G). But the converse need not be true which

is illustrated by the following example.

Example 2. Let (X,d) be a metric space where X = [0,1] and d : X x X — R is the standard metric.

Define a function F : X — CB(X) as

{0} forx =0,
o] R rxel]
(1} forxe (b,

1,1} forx=1.

Consider a graph G where V(G) =X and E(G) = {(x,y) € X x X : d(x,y) < 3}. It is clear that E(G) D A

and G has no parallel edges. Let us define a function a. : [0,00) — [0, 1) by

() = { 3, fort€10,%),

1
0 fort > 3.

Thus the function o € S. Moreover, it is easy to verify that for any x € X and'y € F(x) with (x,y) € E(G),

D(y,F(y)) < a(d(x,y))d(x,y)
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and for any z € F (y) with d(z,y) <d(x,y), (z,y) € E(G). Hence F is a generalized Mizoguchi-Takahashi

G-contraction. However, for (0, %) € E(G),
HF(O)F1 —1>OtdO1 dO1
) 4 - 74 74 )
forany o € S. Thus F is not a Mizoguchi-Takahashi G-contraction.

The authors in [17] established the below stated theorem for giving the existence of fixed points for a

generalized Mizoguchi-Takahashi G-contraction.

Theorem 5. Let (X,d) be complete and F : X — CI(X) be a generalized Mizoguchi-Takahashi G-

contraction. Assume that
(a) there exists xg € X such that [xo]lc NF(xop) # 0;

(b) forany {z,} CX, if zn — z and zy41 € (24| 5 N F (z4) Vn € N, then there exists {zn, } C {2z, } such that

D(z,F(z)) < liminfy_ye D(2p, , F (2n,))-

Then there is a sequence {x, }nen With X, € [x,—1]5 N F (x,—1) for any n € N converging to a fixed point

of F.
It is worth to see that Theorem [5] yields the following result which is same as Theorem [3jwhen N = 1.

Corollary 1. Let (X,d) be complete and F : X — CB(X) be a Mizoguchi-Takahashi G-contraction.

Assume that
(i) there exists xo € X such that [xo] 5 N F (xo) # 0;

(ii) for any {z,} in X, if zo — z and z,+1 € [22)s N F (z0) for all n € N, then there exists {zy, } C {z.}

such that (z,,,z) € E(G) fork € N.

Then there exists a sequence {x }nen in X with x, € [x,—1]5NF (x,—1) for all n € N converging to a fixed

point of F.
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Proof. According to Remark |4 the map F is a generalized Mizoguchi-Takahashi G-contraction. Let
{¥n}nen be a sequence in X such that y, — y and Y11 € [ya]5 N F(yn) V¥ € N. Then according to the
condition (ii), there exists a subsequence {yy, }xen Of {y}nen such that (y,,,y) € E(G) for k € N. For

any p € F(y,,) (where k € N),

D(y,F(y)) < d(yyw)+dn,p)+D(p,F(y))

< d(,yn)+d(yn,p) +H(F (yn),F(y)).

Since p € F(yy,) is arbitrary, we get

D(y,F(y)) < d(yYn)+DOnF ) +HEF (), F(y))
< dyn) + DO, F () +d (),

for any k € N. In the last inequality, we have used the fact that F is a Mizoguchi-Takahashi G-contraction
and (y,,,y) € E(G) for all k € N. Asy, — y € X, we have from the above inequality that D(y, F(y)) <
liminfy_eo D(yn;, F (yn,)). This implies that the condition (b)) of Theorem [5|holds. Again, it is obvious
from condition (i) that the condition (a)) of Theorem [3is also satisfied. Therefore the proof follows by

Theorem O

Remark 5. M. Frigon and T. Dinevari [3] extended the Nadler’s fixed point theorem for mappings on a
metric space endowed with a graph. On the other hand, Eldred et al. proved that the fixed point theorem
due to Nadler [I2l] is equivalent to Theorem |l| due to Mizoguchi and Takahashi [L1l] on a metrically
convex complete metric space. It will be of interest to see whether one can derive that the equivalent
between Theorem 3|and the fixed point theorem due to M. Frigon and T. Dinevari [3)] for mappings on a

metrically convex complete metric space endowed with a graph.
4 Best Proximity Points for Non-Self Contractions

Let A and B be two non-empty subsets of a metric space (X,d). For a non-self single valued map

f:A— B, if f(A)NA = 0, there does not exist a solution of the equation f(x) = x. This means that
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the map f : A — B does not have any fixed point. Then it is interesting to find a point x € A that is
closest to f(x) in some sense. Best approximation and best proximity point results have been established
in this direction. The well-known best approximation theorem due to Ky Fan [[6] states that for a given
non-empty compact convex subset C of a normed linear space E and a continuous mapping S : C — E,
there exists x* € C such that ||x* — S(x*)|| = D(S(x*),C) = inf{||S(x*) —x|| : x € C}. Though this result
gives the existence of an approximate solution of S(x) = x, such solution need not be optimal in the sense
that ||x — S(x)|| is minimum.

Naturally for the map f : A — B, one can think of finding an element x* € A such that d(x*, f(x*)) =
min{d(x, f(x)) : x € A}. Since for all x € A, d(x, f(x)) > dist(A,B) = inf{d(a,b) :a € A, b € B}, an
optimal solution of min{d(x, f(x)) : x € A} is one for which the value dist(A, B) is attained. An element
x* € A is called a best proximity point for the map f if d(x*, f(x*)) = dist(A, B). Hence a best proximity
point of the map f is not only an approximate solution of f(x) = x, but also optimal in the sense that

d(x, f(x)) is minimum. For some interesting best proximity point results one can refer to [} 4} 7, [16].

Example 3. Consider X = R? with usual metric and suppose that

A= {(0,%) :neN}u{(o,O)},
B= {(1%) :neN}u{(l,O)}.

Let us define a map f : A — B as follows:
£((0,%)) = (1, g), for all (0,x) € A,
It is clear that d((0,0), f((0,0)) = dist(A,B) = 1 and consequently, (0,0) is a best proximity point of f.

For given two non-empty subsets A and B of a metric space (X,d), we denote by Ay and By the

following sets:

Ao ={x€A:d(x,y) =dist(A,B) for some y € B}

By ={y € B:d(x,y) =dist(A,B) for some x € A}.
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The pair (A, B) is said to have the P-property [13] if and only if

d(x1,y1) =dist(A,B
d(x2,y2) = dist(A,B

~—

} = d(x1,x2) =d(y1,y2)

~—

where x1,x; € Ag and y{,y, € By.

It is easy to check that for a non-empty subset A of (X,d), the pair (A,A) has the P-property.

Example 4. Let the metric space (X,d) and the sets A and B be as in Example Note that in this case

Ao =A, By = B and dist(A,B) = 1. Suppose that
d((0,x1),(1,y1)) = /1+ (x1 —y1)* = dist(A,B) = 1,
d((0,x2),(1,2)) = \/1+ (x2 —y2)? = dist(A,B) = 1,
where (0,x1),(0,x2) € Ag and (1,y1),(1,y2) € By. Then x; = y; and x, = y;. Thus
d((0,x1),(0,x2)) = [x1 —x2| = [y1 —y2| = d((1,y1),(1,32)).
Hence the pair (A, B) has the P-property.

Example 5. [l/3|] Let A and B be two non-empty closed convex subsets of a real Hilbert space H. Then
the pair (A, B) has the P-property.
Example 6. [/l] Let A and B be two non-empty bounded closed convex subsets of a uniformly convex

Banach space X. Then the pair (A, B) has the P-property.

The following best proximity point theorem proved by Sankar Raj [[14] generalizes the Banach con-

traction principle.

Theorem 6. [[[4] Let (X,d) be a complete metric space and A and B be two non-empty closed subsets
of (X,d) such that Ay # 0 and the pair (A, B) satisfies the P-property. Suppose that f : A — B is a map

such that f(Ao) C By and

d(f(x),f(y)) <kd(x,y) forallx,y€ A and for some k € [0,1). 4.3)
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Then there exists a unique x* in A such that d(x*, f(x*)) = dist(A,B). Further, for any fixed x; € Ay,

there exists a sequence {x, }neny With d(x,41, f(x,)) = dist(A,B) for n € N, converging to x*.

After that, Sultana and Vetrivel [16]] established the below stated theorem which gives sufficient con-

ditions for the existence of a unique best proximity point for generalized contractions.

Theorem 7. Let A and B be two non-empty closed subsets of a complete metric space (X,d) such that
the pair (A, B) has the P-property and Ay # 0. Let f : A — B be a map with f(Ao) C By. Suppose that f

satisfies any one of the following contractive conditions:

() d(f(x),f(y)) < @(d(x,y)) for all x,y € A, where ¢ : Ry — R is non-decreasing and satisfies

limy_.9"(t) = 0 for any t > 0;

(1) d(f(x),f(y)) <d(x,y)—w(d(x,y)) forall x,y € A, where y : Ry — R is either non-decreasing

or continuous with yw~'(0) = {0}.

Then there exists a unique x* in A such that d(x*, f(x*)) = dist(A,B). Moreover, if xy € Ag and x, is

defined by d(xp, f(xn—1)) = dist(A,B) Vn € N, then x, — x* as n — oo.
4.1 Best Proximity Point Theorem on a Metric Space with a Graph

In this section, we introduce the concept of non-self Mizoguchi-Takahashi G-contraction and study the

existence of best proximity points for such contractions.

Definition 3. Let A and B be two non-empty subsets of (X,d). A map f:A — B is called a non-

self Mizoguchi-Takahashi G-contraction if for all x,y € A with (x,y) € E(G):

(a) d(f(x),f(y)) < a(d(x,y))d(x,y) for some a € S;

d(x1, f(x)) = dist(A,B)}

© a1 1)) = dist(A.B)

= (x1,y1) € E(G), forallxy,y €A.
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The following theorem gives sufficient conditions for the existence of a best proximity point for a
non-self Mizoguchi-Takahashi G-contraction.

Theorem 8. Let (X,d) be complete and A and B be two non-empty closed subsets of (X,d) such that
(A,B) has the P-property. Let f: A — B be a non-self Mizoguchi-Takahashi G-contraction such that

f(Ao) C By. For some N € N, assume that

(i) there exist xo and x| in Ao such that there is a N-length path (y))N . C Aq in G between them and
0/i=0

d(x1, f(x0)) = dist(A,B);

(ii) for any sequence {s,}ncn in A with s, — s and s,+1 € [sn]g Vn €N, there is a subsequence (sp, )keN

such that (sy,,s) € E(G) Vk € N.

Then f has a best proximity point x* and further, there exists a sequence {x, }nen with d(xp41, f(x,)) =

dist(A,B) for n € N, converging to x*.
Proof. 1t follows from (1)) that there is two points xp and x; in A such that
d(x1, f(xo)) = dist(A, B)

and a sequence (y))Y, containing points of Ag such that y = xo, y) =x; and (y; ',»}) € E(G) Vi =

1,...,N. Since y} € Ag and f(y}) € f(Ao) C By, there exists y} € Ag such that

d(y1,f(v0)) = dist(A, B). (4.4)
In a similar fashion, fori =2,--- , N, there exists y"l € Ag such that
d(yy, f(vh)) = dist (A, B). (4.5)

As (33 = x0,5}) € E(G) and d(x1, f(x0)) = d(y}, f(3})) = dist(A,B), it is apparent from the defini-
tion of non-self Mizoguchi-Takahashi G-contraction that (x1,y}) € E(G). Also, for each i =2,--- ,N

(v5 ', ¥h) € E(G) and

A 05 ) = dO4, F(50)) = dist(A,B).  [by (#.4) and (@.5)]
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Hence, by the definition, it follows that (i !, y}) € E(G) foreachi=2,--- ,N. Let x, = yY. Thus (y})¥,
is a path from x; (= )?) to xa(=yY).

Further, for eachi=1,2,---,N, since y’i €Apand f (y’l) € f(Ao) C By, there exists yé € Ap such that
d(yh, f(»)) = dist(A,B). Also, we have d(x2, f(x1)) = dist(A,B). Similar to the previous paragraph, it
appears that (x2,y}) € E(G) and (y; ',y5) € E(G) foreach i =2,---,N. Set x3 = yY. Therefore (y5)",
is a path from x2(=)9) to x3(=yY).

By continuing in this manner for all n € N, we obtain a sequence {x,},en Where x,41 € [x,]% and

d(xnt1, f(x4)) = dist(A, B) by producing a path ()Y, from x,,(=y?) to x,41(= y) in such way that

d(y,, f(y\_,)) =dist(A,B) Yi=0,...,N. (4.6)

Using the P-property of (A, B), it is evident from equation (4.6) that for each n € N,

A ) =d(FO), FOh_) Vi=1,...,N. 4.7)

Since for all n € Nand i = 1,2,---,N, (y/",¥ _,) € E(G) and f is a non-self Mizoguchi-Takahashi

G-contraction, it is clear that for any positive integer n and for eachi =1,2,... N,
dy, ') = adei )0l )
< dl, ). 4.8)

For 1 <i <N, wedenote d’ =d(y'~!,y!) for n > 1. By the above inequality, it is obvious that for every
i, {d!} ,en is a monotonically non-increasing sequence of non-negative real numbers. Let d: — s* > 0 as
n— oo, Foreachi=1,...,N, since limsup,_, o(r) < 1, there exist positive integer M’ and real number
' € [0,1) such that at(d}) < h' ¥n > M' where limsup,_,, o.(t) < h' < 1. Hence for each i,

a(d)) <h Yn>M, where h= max i’ and M = max M'.
1<i<N 1<i<N
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Hencefor 1 <i<Nandn>M+1,
. . . n71 . .
dy < aldy )dy - < Ha(d;)dé
s=0
< WM eld)dy = C'h,
s=0

where C' is a non-negative real number. Subsequently, for n > M + 1,

=

N
d(xn,xas1) =d00, ) < Y di <Y C'h".
1 i=1

1

Hence, forn>M+1andme N,

d(xnaxn+m) < d

—

xnaanrl) +-- +d(xn+mflaxn+m)

. N opn
C'[W'+-+h"m 1] < Zc’—l
i=1

< .
- —h

=

I
—_

Hence {x,},en is a Cauchy sequence. Therefore {x,},cn converges to some point x* € A as n — oo,
Since x, — x* and x,,1| € [xn]g for each n € N, according to the condition |D there is a subsequence

(%, )ken such that (x,,,x*) € E(G) Vk € N. Hence,
d(f(xn,), f(x7)) < ot(d(x,,x7))d (X, x") < d(x,,x") forkeN.

Thus as k — eo, f(x,,) — f(x*). Using the continuity of the metric function, we get d(x,,.,, f(x,,)) —
d(x*, f(x*)) as k — co. Now {d(xp,,,, f(xs,))} is nothing but a constant sequence with value dist(A,B).

Therefore d(x*, f(x*)) = dist(A, B). This completes the proof. O

Remark 6. It will be of interest to see whether one can derive the existence of best proximity points for
mappings satisfying the generalized contractive conditions ({l) or ([I) on a metric space endowed with a

graph.
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Abstract

The purpose of the paper is to give a brief review of some generalized convex functions

existing in the literature. It also contains some unpublished definitions and results.
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1 Introduction

Convexity plays a key role in mathematical programming. Though many significant results in mathemat-
ical programming have been derived under convexity assumptions, yet most of the real world problems
are nonconvex in nature. Therefore a systematic attempt is being made by several authors to introduce
and discuss various new kinds of generalized convex functions.

The purpose of this note is to give a brief review of various generalizations of convexity existing in the
literature. The definitions of generalized convex functions are given in a tabular form and some results
are quoted which give relationship among these concepts. This review also mentions some unpublished

works of the authors and suggests several open problems for further study.
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Name of the function

/set Abbreviation Definition of the functions References
Convex set Cs ScR"isconvexif x1,x2 € S Fenchel[20],
and0<A<1=>Ax1+(1-A)x€8S. Valentine[59]
fis convexif f(Ax; + (1 - 1) x) Rockafellar[51],
S Af(x1)+ 1 —=A) f(xz) for A€[0,1] Mond[41],
Convex C and x1, x» in the domain. If fis Blumberg[2],
differentiable an alternative definition is Fenchel [20],
given by f(x1) — f(x2) = (x1 — x2)" v f(x2) Kenyon [30],
If strict inequality holds in the above
Strictly convex Sc definition for each distinct x;,x, € S
then fis strictly convex.
Logarithmic A pos1t1’\11(? func'tlon f defined on a convex Klinger and
Convex Lc ScR"isLCiffor x;,x, €S, 0<A<1, Mangasarian [31]
FAx+1=)xp) < FEDA(f () &
) A positive function f defined on a convex
Harmonic Hc ScR"isHciffor x;,x€8,0<A<1, Das [I7]
Convex fAxi+1-Dx) = —1
flx1)  flxp)
fis Qcif for all x;, xy in
its domain S and A € [0, 1], )
Ponstein [49],
1- = ’
Quasi-Convex Qc ].CM?CI * . A)xz) < max (f(x) f(x?)) Greemburg and
fis differentiable quasi convex function Pierskatta [22]
ifand only if f(x;) — f(x2) <0
= (X1 —x2)'Vf(x2) <0
Strictl If strict inequality holds in the above
Quasi-cor};vex Sqc definition for each distinct x1,x, € ScR” Mond[41]
then fis strictly quasi-convex
fis strongly quasi-convex if for all x;, x»
1
Str.ong y X1 # X2 in its domain and all A € (0, 1), .
Quasi-convex Sqc s . Ponstein[49]
function Ax1 + (1 —A)xp is in its domain and
FAx1+ (1 =N)x2) < max(f(x1), f(x2))
C f:R*xR" —Ris Cliffor ye R™,
(L)?l;ex Cl X1, X2 € R™, 3x3 € R" such that Simons [53]
flxs,y) < f(xl,y);rf(xz,y)
L thmi f:R"xR™— Ris Lcl if for y e R™,
C?)if;; IT;; Lcl X1, X2 € R",3x3 € R" such that Kar [26]

Fxs,y) < fx1, )2 f(x1, )2




=>f()-fx)=<0
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Name of the function
/set Abbreviation Definition of the functions References
. f:R"xR™ — Ris Hclif for y e R™,
Harmon‘lc Hel X1, X2 € R",3 x3 € R" such that Kar [26]
Convex Like Flxs,y) < 2f 00, 1) f (x2,9)
S’y - f(xlyJ’)"'f(sz’)
Quasi f:R"xR™ — Ris Qclif for ye R™,
Convex Like Qcl X1, X2 € R",3 x3 € R" such that Kar [26]
f(xs3,y) <max (f(x1,y), f(x2, )
f:R"xR™ —Ris Ctiffor ye R™,
Convex type Ct x1, x2 € R",3 x3 € R" such that Kar [26]
X3 < x1;x2 ’f(xs, _V) < f(xl,y)zf(xZ,y)
L thmi f:R"xR™ —Ris LCtif for y e R™,
ogarithmic Lct X1, X2 € R",3 x3 € R" such that Kar [26]
Convextype X1+ 1 1
x3 < =572, f(x3,¥) < f(x1,0)2 f(x1, )2
. f:R*"xR™ — Ris Hctif for y e R,
Cljii/?;tnyl;e Hct X1, X2 € R",3 x3 € R" such that Kar [26]
2f (1, ) f(x2,9)
x3< 852 f(xs,y) < f{xfly)yj}(fc‘zzi)
Quasi f:R"xR™ — Ris Qctif for y e R™,
Convex tvpe Qct X1, X2 € R",3 x3 € R" such that Kar [26]
P x3< 52 f(xg ) < max (f (01, 9), f (X2, )
A differentiable function f is Pcif for x,y Maneasarian
Pseudoconvex Pc in the domain (y— x)'V f(x) =0 [3i 35]
=>f-fx)=0 '
A real diff tiable functi is S ith
Strongly real differen 1a. .e unction f .1s pc wi Chandra [12]
Spc respect to a positive real function K(x,y)
Pseudoconvex . ¢ Mond [41]
KNI - f]=(y-x'Vfx)
fis invex w.r.t. a vector function h(x,y) Craven [13]
Invex I if f(y)— f(x) =n'(x, )V [f(x)
. . Mond [41]
for all x, y in the domain
. . fis Pi w.r.t.a vector function n(x, y) if
Pseudo-invex Pi Mond [41
n'(x, Y)Vf(x)=0= f(y)— f(x) =0 il
fis Qiw.r. ,y)ifnf(x, y)V <
Quasi-invex Qi is Qiwrtn(x, y) ifn’(x, )V f(x) <0 Mond [41]
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Name of the function

/set Abbreviation Definition of the functions References
) A differentiable function f is Hqc if
Harmomc Hqc for x1, x2 in the domain foz)-ftn) (xjc)(;f)(xl) <0 Kar[28l,
Quasiconvex V£ () (5o —x1) 2 Kar et al.[28]
=0
f(xl)
‘ A differentiable function f is Hpc if
Harmonic Hpc for xy, X in the domain \i (x})(;xz)—xl) >0 Kar[26],
Pseudoconvex Fl)—fx) ! Kar et al.[28]
= [/l
J(x2)
S € R" is locally star-shaped at x € S if
Locally Lss correspondingto x€ Sandeach X € §,3a Kaul and
star-shaped set maximum positive number a (X, x) < 1 such Kaur [29]
that 1-AM)x+AxeS,0<A<alx, x)
A real function f defined onS < R" is Slc at
X € SifSislocally star-shaped atx and
Semilocally Sl corresponding to X and each x € S, Kaul and
convex 3 a positive number d (X, x) < a(x, x) Kaur [29]
such that for0 < A < d(x, x),
fA=DE+Ax) = (1 -V fE) +Af(x)
fdefined on ScR"is Silcat x € SifSis
Semilocally locally star-shaped at X and corresponding Kar[26],
Logarithmic Silc to X and each x € S, 3 a positive number Kar et al.[28],
convex d(x,x) < a(x,x) such thatfor 0 < 1 < d(X, x), Mishra[39]
FA=-DE+A0) < (F@D-DfEY
) fis Sihc at x € S is S is locally star-shaped and
Semllocauy ) corresponding to X and each x € S,3 a positive Kar(26],
Harmonic Sihc number d(%, x) < a(&, x) such that Kar et al.[28],
convex for 0< A < d(%, %), f(1 ~ D) F+Ax) < L1 Mishra([39]
7@ 7 fa)
fis Siqgc at X € Sis Sis locally star-shaped at X
Quasi convex 1 P Y Kaur[29]

for0<da<a(x, x),f(x) < f(Xx)
=> f(1-M)x+Ax) < f(X)
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References

Semilocally
invex

B-vex

Quasi B-vex

Pseudo B-vex

B-preinvex

Sli

Bv

QBv

PBv

BPi

Areal function f defined on a set S € R" is Sli
at x € S if for each x € S the right differential
(df)* (k,x— x) of fat X in the direction of
x—xexists and f(y) — f(x) = h'(x,y)
(df)*(x,x— X) for all x,y in the domain and
some vector function h(x, y)

f: X —RisB-vexat u € X if there exists
a function b(x,u, 1) : X x X x [0,1] — R,
such that f(Ax+ (1-A)u) < Ab(x,u,A) f(x)
(1-Ab(x,u,A) f(u), for0<A <1 and for
every x € X. fis said to be B-vex on X if
itis B-vex ateach u € X.

A function f is said to be quasi B-vex at
u € X if there exists a function b(x, u, A)
such that f(x) < f(u) ©b(x,u, )
fIAx+Q-Vul < blx,u, ) f(w),
for0 < A <1 and for every x € X.
fis said to be quasi B-vex on X
if it is quasi B-vex at each point u € X.

A function f is said to be pseudo B-vex at
u € X if there exists a function b(x, u)
such that (x — )"V, f(u) 20
o bx,u)f(x)=bx,u)f(w), Vxe X
where b(x, u) =limy_, b(x, u, 1)
fis said to be pseudo B-vex on X if it is
pseudo B-vex ateach ue X.

A numerical function f defined on a
nonempty subset X of R” which is invex
at u € X, issaid to be B-preinvex
with respecttonatu € X
if there exists b: X x X x [0,1] — R,
such that flu+ An(x, u)] < Ab(x, u, L) f (x)
+(1-Ab(x,u, ) f(u)

Vxe Xand0sA<1
f is said to be B-preinvex with respect to n
on X ifitis B-preinvexateach u € X
with respect to the same 7.

Kar[26],
Kar and
Nandal[27]

Bector

and Singh[1]

Bector et al.[2]

Bector et al.[2]

Bector et al.[2]
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Name of the function
/set

Abbreviation

Definition of the functions

References

B-invex

Pseudo B-invex

Quasi B-invex

Prequasi
invex

Bi

PBi

QBi

Pqi

A differentiable function f is B-invex

with respectton at u € X if there
exists a function b(x, u) : X x X — R, such that
N0, )"V f () < b(x, w[f(x) - fw)],
Vxe Xand0=<sA<1.
f is said to be B-invex with respect to n
on X ifitis B-invexateach u € X
with respect to the same 7.

A differentiable function f is pseudo B-invex
with respectton at u € X if there
exists a function b(x, u) such that

nx,w)Vif(u)=0
=>bx,u)fx)=bx,u)f(u),vxe X
f is said to be Pseudo B-invex with respect
to n on X if it is Pseudo B-invex at each
u € X with respect to the same 7.

A differentiable function f is quasi B-invex
with respectton at u € X if there
exists a function b(x, u) such that

[ = fw
=>nw!Vef(W<0 Vxe X
f is said to be quasi B-invex with respect
to n on X if it is quasi B-invex at each
u € X with respect to the same 7.

fis prequasiinvex at u € X w.r.t. n
if X is invex at u w.r.t. 7 and
foreachxe X, f(x) < f(u)
=> flu+Anx,w) <A -V f(w)+Af(x)
0=A=s1.
fis prequasiinvex on X w.r.t. n if X is invex
atuw.r.t. n and fis prequasiinvex at each
u € X w.r.t. the same n

Bector et al.[2]

Bector et al.[2]

Bector et al.[2]

Jeyakumar[24]
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Strictly Prequasi
invex

(a, 1)-Convex

B-preincave

(p,0)-B-vex

Spqi

(a,V)C

BPic

(p,0)-Bv

fis strictly prequasiinvex at u € X w.r.t.
if Xis invex at u w.r.t. n and
foreach x € X, f(x) < f(w)
= f(u+An(x,uw) < f(u)
0<A<l.
fis strictly prequasiinvex on X w.r.t.
if Xis invex at u w.r.t. ) and f is prequasi
invex at each u € X w.r.t. the same

fis (a,A)-convex if X is a convex set and
fl@u+ax) < Af(u)+Af(x),
acl0,1,x, u eX,A=1-A a=1-a;
A= A(a;x,y) €0,1] depends in general both
on « and the pair of points x,y satisfying
Ma, x,y) = M@, y, x).

fis B-preincave on X w.r.t. n, by, b2
if -fis B-preinvex on X w.r.t. 17, by, bo.

Let X be a real Banach space, and D be a
non-empty open convex subset of X.
A function f: D <€ X — Ris said to be

(p,0)-B-vexat y € D, if there exists a function
b(x,u,A):DxDx[0,1] - R,,
0:DxD— X,and p € Rsuch that
fAx+(1 -1y =<
Ab(x, y, M) f(x)+ (1= Ab(x, y, ) f(y)
+oll0(x, ? for0< A <1,
andV x € X.
fis said to be (p,0)-B-vex on D
ifitis (p,0)-B-vexateach y € D.

Jeyakumar[24]

Castagnoli[12]

Suneja et al.[55]

Behera et al.[3]




136

S. Nanda and N. Behera

Name of the function
/set
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Definition of the functions
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(pr 9) -n-
B-preinvex

(P» 6) -n-
B-invex

(p,0)-n-
prequasiinvex

(p,0)-n-BPI

(p,0)-n-BI

(p) 6) 'T’_qu

A function f: D < X — R defined
on a non empty subset D of X which is
invex at y € D is said to be (p —8),—1)

-B-preinvex
wr.t. ton, aty € D, if there exist
b:DxDx[0,1] — Ry,
and p € R such that
fy+An(x, ) < Ab(x,y,A) f(x)
+(1=Ab(x, y, ) f(y) +p 10 (x, YII*
VxeD,0sA<1.

f is said to be (p, 8)-n-B-preinvex

w.r.t. non Difitis (p,0)-n-B-preinvex
at each y € D w.r.t. the same 7.

A differentiable function f: D € X — R s said
to be (p,0) —n-B-invexw. r.t. n,0 at ye D,
ifthereexistn:DxD— X,0:DxD — X,

b:Dx D — R, and p € R such that
b, y)(f(x) = f(») = (Vf(y),n(x,y)
+pll6(x, )V x € D.
fis said to be (p,8)-n-B-invex w. r.t. 1,
0 on D, if itis (p,0)-n-B-invex at each

¥ € Dw.r. t.thesamen, 0.

Afunction f: D < X — Ris said
to be (p, 8)-n-prequasi-invex w. r.t. 1,
Oaty € D,ifDisinvexw.r. t. 1,
and0:DxD— X, peR,
and foreach xe D, f(x) < f(y)
=>fy+Anxy)<A-Df)+Af(x)
plf(x, »I%0<A<1.
fis said to be (p, 8)-n-prequasi-invex
onDw.r. t.n,if Disinvexw. . t. 7,
ateach y € Dw.r. t. the same .

Behera et al.[3]

Behera et al.[3]

Behera et al.[3]
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strictly(p, 8)-n-
prequasiinvex

p-(n,0)-invex

p-0,0)
pseudo-invex

p- (T” 6)
quasi-invex

p- (T” 6)
pseudo-B-invex

S(p,0)-n-Pqi

p-(n,0)1

p-(1,0)PI

p-(1,0)Qi

p-(n,0)PBIL

A function f: D < X — Ris said
to be strictly (p, 8)-n-prequasi-invex w. 1. t.
n,0aty € D,if Disinvexw. r. t. 1, and
0:DxD— X, peR,and foreach xe D,
f<fy)=fy+Anx,y)
<fy+plxYI*>0<A<l.
f is said to be strictly (p,0)-n
-prequasi-invex on Dw. 1. t. ), if D
is invex w. r. t. i, and strictly prequasi-invex
ateach y € Dw.r. t. the same 7).

A differentiable function f: X — Ris said to
be p — (n,0)-invex w. 1. t. 1, 6, if there exist
N:XxX—-X,0:XxX—>XandpeR
such that
flxo) = f(x1) = (f'(x1),1(x0,x1))
+p || 6(x0, x1) ||? for all xg,x; € X.

A differentiable function f: X — Ris said to
be p — (n,0)-pseudo-invexw. r. t. 1, 6,
ifthereexistn: X x X - X,0: X xX - X
and p € R such that (f'(x1),n(x0, x1)) =
=p 10(x0, x1) 7= f(x0) = f(x1)

A differentiable function f: X — R is said to
be p-(n,0)-quasi-invexw. 1. t. 1, 8,
ifthereexistn: X x X - Xand0: X x X - X
and p € R such that f(xp) < f(x1)
= (f"(x),n(x0, x1)) = =p 1 0(x0,x1) |1

A differentiable function f: X — Ris said to
be p — (n,0)-pseudo-B-invexatuw. r. t 7, 8,
ifthereexistn:CxC—X,0:CxC— X,
where Cis a closed convex subset of X
bo: X x X =R, and p € Rsuch that
(f'@),nCe,u) +p 1100, w) 2= 0
= bo(x, w)(f(x) - f()) =0,

VxeX.

Behera et al.[3]

Behera et al.[4]

Behera et al.[4]

Behera et al.[4]

Nahak et al.[44]
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Definition of the functions
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p' (77» 9)
quasi-B-invex

Invex set

E-convex set

(E E )convex set

Semi invex Set

Sub convex set

Mid-point
quasiconvex
or m - quasi convex

Strictly
m -quasi convex

p-(n,0)QBi

Is

Ecs

(E,F)cs

Sis

Scs

Mpqc

Smqc

A differentiable function f: X — R is said to
be p — (n,0)-quasi-B-invexatuw. r. tn, 8,
ifthereexistn:CxC— X,0:CxC— X,
where C is a closed convex subset of X
b_O:Xx X — R, and p € Rsuch that

Bo(xe, w{ f(x) - Fw} <0
= (f'(w),n(x,w) +p [ 0(x,u) [|?<0,
Y xe€ X.

S < R" is said to be invex with respect
to a given function n: R" x R" — Riiff
X, y€S5,0<A<1=>y+An(x,y)€S.

M c R" is said to be E-convex with respect to
an operator E : R" — R" iff
AE(x)+(1—-A)E(y) e M foreachx,ye M
and 1 € [0, 1].

M c R" is said to be (E, F) convex iff there
exist two points to set maps E, F: R — 2F"
such that AE(x) + (1-A)E(y) cM
forallye Mand A € [0, 1].

LetKcR"andn: K x K x [0,1] — R".
K is said to be semi-invex at x € K
VyeK,telo1],
x+myxt)ekK

S < R" is said to be subconvex if for each
X1, X2 €S, there exists x3 € S such that
1
x3 < 5 (X1 + X2)
fis m-quasi convex if for all x;, x» in
X1+X2

the domain =5~ is in the domain and
FE+32) < max(f(x), f (x2))

fis strictly m- quasi convex if for
Fx) # flx) f(F+3)
< max(f(x1), f(x2))

Nahak et al.[44]

Craven|[14]

Youness|[63]

Youness[64]

Yang and
Chem|[62]

Simons[54]

Behringer|[5]

Behringer|5]
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fis r-quasi-convex if for x;, x» in the
Rational quasiconvex domain, A € [0,1] Q such that Ax;
or I~ ugsi—convex Rqc +(1 - A)xy is in the domain and Behringer[5]
9 FAx1 + (1= A)x2) < max
(f(x1), f(x2))
Stricil fis strictly r -quasi convex if f(x2) < f(x1)
r-quasi c03rllvex Srqc implies f(Ax; + (1 - A)x2) < f(x1) Behringer[5]
d forall A € (0,1)NQ
fis S-convex (where S is a cone in R"™)if
—fAx+A-DP+A+ X))+ 1 - f()
Cone-convex Cc € Sfor 0 < A < 1. Iffis differentiable, Mond [41]
or S-convex .. .
this is equivalent to
fO-fX)-y-0'Af(x)€eS
. _ . _ t
S-pseudo convex fis S pseud:0> c](z?v)ei( ;f((xy) ; J;) Af(x)eS
and Spc and Sqc . A ' Mond[41]
$-Quasi convex fis S-quasi convexif — f(y) + f(x) €S
= (y-x)!Af(x)eS
Letg:R—R.
f:R" = Ris g-convex
convex . if gf is convex on a convex set K, that is Nanda[d5]
8 8 if g fx+(1-A)y)
sAgfxX)+1-NMgfy)
forall x,ye Kand A € [0, 1].
Let A < R" be an invex set and
. . n:R ><IR€' [R.f.A Rlssalqto Weir and
Pre-invex Pi be pre-invex with respect to 1 if Mond[61]
x,y €A 1€[0,1] = f(y+An(x, )
SAf)+A -V f).
. . ) fis strictly pre-invex if strict inequality Weir and
Strictly Pre invex Spi holds in the above definition for x # y. Mond[61]
f:AcR" xR" — Ris said to be
p .. Pdi pre quasi -invex on an invex set A w.r.t. Yang and
re quast mvex a nR" xR" — Rif x, y € A, A €[0,1] Chem[62]

= f(y+ An(x, ) < max(f(x), f(y).
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Name of the function

/set Abbreviation Definition of the functions References
f: K — R"is said to be semi-strictly
. . pre-invex on a invex set K with respect to
Si;g_is;l“:;ly Sspi n:R*"xR" - Rifforx,y € K, 1 €[0,1], gﬁgﬁf{gg
fX£fy)= fy+An(x,y)
<AfX)+A-AfO).
. fis strictly pre-quasi invex if f is
Strictly pre- . .. . . Yang and
uasi invex Spqi pre quasi-invex such that x # y implies Chem[62]
q Fy+An(x,y) <max(f(x), f(y)
. fis semi strictly prequasi invex if
Semi strictly . L Yang and
.. Sspqi fx) # f(y) implies f(y+ An(x, y))
requasi invex Chem|[62
preq <max(F(), f()). 162
Let K c R” be a semi invex set with
respectton: K x K x [0,1] — R",
Semi pre-invex Spi f: K — Ris said to be semi pre invex Yang and
P P ifforall x,t €[0,1], f(x + tn(y, x, 1)) Chem[62]
<1-8fx+tf(y)and
limg_oltn(y,x, )1 =0
f: K —Rissaid to be quasi semi pre invex
Quasi semi Qspi if Kis semiinvexn: K x K x[0,1] = R, Yang and
pre-invex p x,yeK,te0,1] = f(x+tn(y,x,1) Chem|[62]
<max(f(x), f(y)
f: K — R"is said to be semi-invex
Semi invex Si with respect to: R"” x R” — R"atx € K Dutta
iffor all y € K, there exists { € R" et. al[19]
such that f(y) - f(x) = (&,n(y,x))
. . . fis quasi-semi invex if f(y) — f(x) <0 [Nanda
Quasi-semi -invex Qsi — €10y, 0) 0 (unpublished)]
fis said to be arc wise convex if there
Arc wise convex Awc isamap H:R" xR" x [0,1] — R"such that
FHX, ) <tf(y)+A-10)f(x).
. fis said to be generalized pre-invex
Ge;e_liril\iid Gpi (g preinvex)if there is ¢ : R x R x [0,1] — R (un ﬂjﬁﬁg}?e ]
p such that f(x+&(y,x, 1) < t£() + (1 — 1) f(x) P
Logarithmic Lac fis said to be logarithmic arc wise convex if [Nanda
arcwise convex fFHX YD) < (FON +(Fnit (unpublished)]
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Logarithmic
pre-invex
(L-pre-invex)

E-convex

Quasi
E-convex

(E,F)-convex

Sublinear
convex

F-convex

(p—B)convex

Lpi

Ec

QEc

(E,F)c

Slc

Fc

(p,0)c

fis said to be logarithmic pre-invex if

flx+my,x)) < (FON +(Fnt!

A function f:R" x R” — R" is said to be
E-convex with respect to an operator
E:R" — R" on an E-convex
set M iff for x,y € M, A€ [0,1],
FAEx+1-N)Ey<A(foE)x
+(1 =) (foE)y

f:R" — Ris said to be quasi E-convex
on an E-convex set M < R” with respect to
amap E:R" — R" iff for x,ye M, 1 € [0,1],

fAEx+ (1 -ANEy)<max(foE)x,(foE)y)

Amap f: R"™ — R is (E,F)-convex on a set
M c R” if there exist two point-to-set maps,
E F:R"— 2R" such that (E,F)-convex and
flAx+A -V <sAfR)+A -V fG)
Vxe E(x), x,ye M, A€[0,1]

A differentiable function 0 is said to be
sublinear convex if 6(y) —0(x) = Fyx V0 (x)
Vx,y and for some arbitrary given sublinear
functional E

Let T be a family of functions F: R"” — R.
Then 0 is called F-convex if, for every x
in the domain of 6, 3an Fe T
such that 0(x) = F(x) and 0(z) = F(z)
Vx # z, in which case F is support of 0 at x.

Since f(Ax+(1-A1)y),0=A1<1,
consists of the values of f at all points on the
straight line between x and y that are in the
domain of f, we now consider any path from
xtoy. Let pxy(A), where py,(0) = X, pxy(1) =y,
be any continuous path from
xtoyin R" such that f(Pyy(1)),0=<A<1,is
defined. fis said to be (p —Oconvex) if
FPry(A) <O07AO(f (1) + (1= M)O(f (x))]
Vx,ythe domain of f, 0 <A < 1.

[Nanda
(unpublished)]

Youness|[63]

Youness|[63]

Youness|[63]

Mond [41]

Mond [41]

Mond [41]
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Bonvex

Strictly
Bonvex

Pseudo-Bonvex

Strictly

Pseudo-Bonvex

Quasi-Bonvex

B-vex set

B-invex set

BX

SBX

PBX

SPBX

QBX

Bvs

Bis

Let S be a convex subset of R” and C?
the class of all continuous functions
f:S — Rsuch that all the second order
partial derivatives of f exist and are
continuous over the interior of S. Let V f
denote the gradient and V? f the Hessian
of f with respect to x € R". Let f € C?
and x° € S. fis bonvex at x° € S if
VneR", f(x)— f(x°)
= (x—xO) ' [f(0°+ V2 f(xO)n]
—50" V2 f(xO)n

fis fis strictly bonvex at x° € S if Vn € R”,
x# 10, f(x) = f(x0) > (x - xO) [f(x)°
+V2 £ (x%)n]

—3n'V2f ()

fis Pseudo-bonvex at x° € S if vneR”,
(x—xOVFE) + V2 ("] =0
= f(x) = f(x%) - 30 V2 f(x%)n

fis strictly pseudo-bonvex at x° € S if
VneR", x# x9,
(x=x VD) + V2 (9] =0
= f(0)> fx0) - 30" V2 f(xO)n

fis quasi-bonvex at x° € S if Vn € R,
F@) = F)+ 30 V2 f(x%)n
= (x -2V + V2" <0
or f(x) < f(x% + %ntvzf(xo)n
= (x -2V +V2Fx")n <0

Given S R" xR, S is said to be
B-vex set if (x, a), (i, B) € S imply that
Ax+(1-NDu,Aba+(1—-Ab)B)eS,0<1=<1

Given S R" x R, S is said to be
B-invex set w.r.t. 17, by, by if (x, @),
(w,B) € Simply(u+An(x,u),ba+b26) € S
forOsA<1,b;+by=1.

Bector and
Bector|2]

Bector and
Bector[2]

Bector and
Bector[2]

Bector and

Bector[2]

Bector and
Bector[2]

Bector et al.[2]

Bector et al.[2]
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Given S< D xR, Sis said to be
(p,0)-B-vexsetif (x,a), (y,8) € S
(p,0)-B-vex set (p,0)-Bvs = (Ax+ (1= D)y, Aba+ (- Ab)p) Behera et al.[3]
+oll0(x,»? € S,0=<A<1.
The set D is said to be (p, 8)-n invex
aty € Dw.r.t. nifforeach x € D,
(p,0)-n y+Anx,y) +pl6(x, )I? € D,
-invex set (p,0)-nls 0 <A =1.Dissaid to be (p,8)-n-invex Behera etal.[3]
set with respect to n if D is invex
ateach y € D with respect to the same 7.
Let S D xR. Sis said to be
(p,m)-0)-B-invex set w. 1. t. 7,
(P;H)‘n' . bl’ b2 if(x)a)) (y’ﬁ) €S
B-invex set (p,6)-n-Bis imply (y+ An(x, y),b1a + by Behera etal.[3]
+pl0(x, YIP) e S
forOsA<1,b1+by=1.
Letn:R" x R" — R". We say that
N 7 satisfies condition C if for any x,y, Mohan and
Condition C CC Ny, x+An(x, ) = -An(x,y) Neogy[d0]
nx,y+An(x, ) =1-A)nx,y) &y
forall0=A<1.
Lo fis semi-strictly semi invex if
Semi-strictl ) Nand
:é?Iiis’irf\l/(;xy Sssi FO# )= f) - fx) (unlgugﬁsl?ed)]
> (&,1n(y, x)) for some & € R”
Strictly . fis strictly semi invex if (Nanda
semi invex Sst X#y=f-f (unpublished)]
> (£,n(y, x)) for some ¢ € R”
Pseudo ‘ fis pseudo semi-invex if (Nanda
semi-invex Psi (&n(y,x) =0 (unpublished)]
=>f(y)-fx)=0
Strictly(semi-strictly) ' fis strlctl‘y(sem.l-strlctly) semi quasi- (Nanda
semi quasi invex S(s)sql invexif f(y) < f(x) (unpublished)]
q = (& 1(y,%) <0 P
L-geodesically fis said to be L-geodesically convex
convex Lgc on manifolds if f( (1) [Nanda
8 Yxx (unpublished)]

on manifolds

< (fxoN T Hfo)!
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Name of the function
/set

Abbreviation

Definition of the functions

References

Y-Quasiconvex

g-Preinvex

Semistrictly
g-preinvex

g-semi-invex

a-Quasi
convex

Semilocally
explicitly
Quasiconvex

Yac

gpi

ssgpi

gsi

aqc

Sleqc

Afunctiong: D cR"” - R
is said to be y-quasiconvex (ygc)
ifglx+1-N)y) <max(gx),g(y)
forx, ye Dand A € [0,1]n Q

Let f be a real function defined on an
invex subset A of R" andlet g: R — R
fis said to be g-preinvex w.r.t. n if
gf(y+An(x,y) =Agf(x)+A-Ngf(y)
Vx,y € Aand 1 €[0,1].

Let f: K<cR" - R,Kan
invex set and 7 : R" x R" — R™.
fis said to be semistrictly g-preinvex
(ssbpi) iffor x,y e K, g f(x) g f(y),
gfx+An(x, ) <AgfxX)+1-Agf(y)

fis said to be g-semi-invex at
XoeXcR"ifVxe X,3ée R”
such that g[f(x) — f(x0)] = (&,n(x, x0))

fis a-quasi convex if for all
X1, X2 in domain and given « € [0, 1] such that
ax; + (1 —a)x, in its domain and
flaxy + (1 —a@)x2) < max(f(x1), f(x2))

A real valued function 6 defined
onasetSinR"isSleqcatx€ S
if Sis locally starshaped at x and if for x
and each x € S, there exists a positive number
d(x,x) < a(x,x) <1suchthat 6(x) <8(x)
=2>0((1-N)x+Ax) <0(%)
0<A<d(x, x).

Ifd(x,x) = a(x,x) =1foreach x e §,
then 6 is explicitly quasiconvex at X.
If 0 is Sleqc at each x € S, then
0 is Sleqc on S.

Nandal[45]

Nandal[45]

Nandal[45]

Nandal[45]

Behringer|5]

Kaul and
Kaur([29]
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Name of the function
/set

Abbreviation

Definition of the functions

References

Semilocally
strongly
Quasiconvex

Semilocally
Pseudoconvex

K-convex

Condition A

Lipschitz
(of rank k)

Globally
Lipschitz

Slsqc

Slpc

Kc

CA

Gl

A real valued function 6 defined
onasetSinR"isSlsqcatxe S
if Sis locally starshaped at x and if

corresponding to X and each x € S, there exists

a positive number d (X, x) < a(x, x) such that
O(x)<0(x), x#x
=>0(1-AN)x+1x)<0(x)
0<A<d(x, x).
Ifd(x,x)=a(x,x)=1foreach x€ S,
then 6 is strongly quasiconvex at X.

If 0 is SISqc at each x € S, then
0 is SISqc on S.

A real valued function 6 defined
onasetSinR"isSlpcatxe S
if for each x € S, the right differential
do)t (k,x—x) of @ at x
in the direction x — X exists and
do)t (%, x—x)=0=>0(x)=0(%)

A function f on an interval I of the real
line is K-convex, where K is a nonnegative
real number if for any x, y€ I, x < y and
0sA<1l, fAx+(1-A)y)
sAf(X)+A-AMf(y) +K.

If K=0, this becomes the usual definition
of convexity.

Let the set I' be invex with respect to
n,andlet f:T — R. Then
fly+nx,y) < f(x), forany x,y e T.

Let X is an open convex subset of R".
The function f: X — Ris said to be
Lipschitz(of rank k) near x € X if there
exist 0 >0 and k > 0 such that
lf - f@I<kly-zl,
whenever y,z€ x+0B

fis asid to be globally lipschitz (of rank k)
on Xif | f(y) — f(2)| < klly — z||, for some
k>0andevery y,ze X

Kaul and
Kaur[29]

Kaul and
Kaur([29]

Doeringer|[18]

Yang et al. [62]

Clarke[15]

Clarke[15]
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Name of the function

= f(y+An(x, ) < f()) + AA-Db(x,y)
forevery A€ (0,1) and x,y € A

/set Abbreviation Definition of the functions References
A function f is pre-pseudo invex on an
invex set A if there exists a function n and
Pre-pseudo . . . . ..
invex Ppi a strictly positive function b such that f(x) < f(y) | Pini[50]

Theorem 1. HC= LC=> C= QC
& & o«
f(x) = x?on [0,1] is C but not LC.

flx) = é on [0,00] is LC but not HC.

Theorem 2. C= Ct= CI
<+ <+
Observe that
flx) = —x2 on [0,1] is CI but not Ct.

f(x)=-x3on Ris Ct but not C.

Theorem 3. LC = LCt=>CI
& &

The function defined by

0, ifos=sx<1,
f)= .
x, if0<x<0.5.

is LCI but not LCt where as

f(x) =sinx, x € [0,7/2] is LCt but not LC.

Theorem 4. HC = HCt= HCI
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1 .
——, if05=<x<1,
[ :{ A
- if0<x<0.5.
is HCl but not HCt.

f(x) =xon [0,1] is HCt but not HC.

Theorem 5. QC = QCt = QClI
QC <« QCt, St.QCt< QCl

f(x) =sinx on [0,n] is QCI but not strictly QCt.

£ 0, ifx#0
x) =

1, ifx=0
is QCt but not QC.
Theorem 6. HCl = LCI= Cl= QCI
But QCl= St.Cl,Cl= St.LCl, LCl = St.HCI.

f(x) =sinx on [0,x] is QCl but not St. CL
f(x) = x?> on [0,1] is Cl but not St. LCL.

f(x) =sinx on [0,7/2] is LCl but not St. HCI.

Theorem 7. HCt= LCt= Ct= QCt
St.HCt < LCt < Ct < QCt
flx) = —x2,x=0is QCt but not Ct.
f(x)=1-xon (0,1) is Ct but not LCt.

f(x) =sinx on [0,7/2] is LCt but not St. HCt.

Theorem 8. Hc= Hgqc

147
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<=
Consider the function f(x) = xin [0,1]. fis Hqc.

For, let x1, x» € [0, 1]. Without any loss of generality we may suppose that x; = x,. Then

fx2) = fx1) -

<0 and Vf(x1)(x2 —x1) -
f(x2)

<0.
f(x1)
But fis not Hc. For if x; = 0.5 and x, = 0.3,

F2) = flx1) VGG —x1) _

=-0.66 and -0.4.
f(x2) fx1)
Theorefore
fx2) = fx1) < Vf(x1)(x2—x1)
fx2) f(x1)
which implies that f is not Hc.
Theorem 9. Hc = Hpc
<=
Consider the function f(x) = x in [0,1]. fis Hpc.
For, let x1,x2 € [0,1] and x; < x, then
fx2) = fx1) >0 and Vf(x1)(x2 —x1) 0.

J(x2) f(x1)

It has now already been prove that fis not Hc.

Theorem 10. For a positive function defined on a set S€R"”, SIHc = HILc= Slc = SIQc
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SIHc < HILc < Slc < SlQc
Consider any positive linear function on S < R” — 0 which is not a positive constant.

Suppose it is SIHc on S. Then corresponding to any X € S and each x € S, there exists

d(x,x) < a(x,x) such thatfor 0 < A < d(x, x),

fl-Dx+Ax) < 1 N
® 7™

‘”I
>~

Since fis linearand AM > G.M = H.M,
f(A-Di+A0)=0-AD)f(X)+Af(x)
> (FENTAF A

> 1

Therefore for 0 < A < d(x, x)

A — <(fEVIMF <A -V fE) +Af(x).

7t 7
But this is a contradiction. Therefore a positive linear non constant function is not SIHc, nor SlLc. Hence

Slc # SlLc.

Theorem 11. Every differentiable convex function is strongly Pseudo-convex but not conversely.
fx) = x2 on [1,00] with K(x, Y)=yx+7y)

is strongly pseudo-convex but not convexat x=1and y=1.5

Theorem 12. Every strongly Pseudo-convex function is invex but not conversely.
f(x)=-sinxin [-7/2,7/2] and
sinx—siny

n(x, y) = Tsy is invex.

But not strongly Pseudo-convex by considering K(x, y) = —sinxsiny and x =n/4, y = —m/2.
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Theorem 13. Quasi convex= Quasi Invex

&

Consider

f(x) =sin®xon [0,7]
f is quasi invex on [0, 7] with n(x, y) = cosy(sinx — siny). But f is not quasi convex
forx=3n/4, y=ml4.
Theorem 14. Pseudo-convex= Pseudo-Invex

“=

Consider

f(x)=—cos’xin]-m/2,m/2[ and

n(x,y) =siny(cosy — cosx)

f is pseudo-invex but not pseudo convex for x =0 and y = n/4.

Theorem 15. Invex= Quasi-Invex
po
Consider f(x) =sin®x on [0,7] and
n(x,y) =cosy(sinx—siny)

It is quasi-invex but not invex for x =n/4 and y = n/2.

Theorem 16. Invex= Pseudo-Invex
pe
Consider
f(x) = —-cos’x on (-m/2,7/2) and
n(x,y) = siny(cosy — cosx)

f is pseudo-invex but not invex at x = —n/6, y = —m/4.
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Theorem 17. Strictly invex= invex
&
Consider
fx)=-sinxon]—-mn/2,7/2] and
sinx—siny

n (x’ y) = cosy

f is invex but not Strictly invex as equality holds good throughout the domain.

Theorem 18. Convex= B-vex
&=

The function defined by
0, ifo<x<l,

x, iflsx<?2.

f(x):{

is B-vex with

W, ifx<u,
blx,u,A) =4 WL f x> 4, 4 #0,
1, ifx>u,A=0.

fis not convex at x=1/2, u=3/2, A =1/2.

Theorem 19. B-vex= Quasi B-vex
&=

Define a function f: X(=[0,2]) — R by

£ x, if0=sx<2,
X) =
1, ifx=2,

and b: X x X x[0,1] — R; by

ifx=20ru=2,

0,
b(x,u,A) =
(x+u)/(4A), ifotherwise

f is quasi B-vex butnot B-vexat x=1/2, u=2, A =1/3.
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Theorem 20. Quasiconvex= quasi B-vex
e
However, the converse is not necessarily true if b(x, u, 1) = 0 for some x,ue X,0<1<1.

Define a function f: X(=[0,2]) — R by

x, ifo=sx<2,

f(x):{ 1, ifx=2,

f is quasi B-vex but not quasi convexat x=1/2, u=2, A =1/4.

Theorem 21. B — vex = Pseudo B — vex
&=
where

b(x,u) = lim b(x,u, )
A—0,

Define a function f: X(=] —1,1[) — R by f(x) = x+ x® and

define b: X x X x [0,1] — Ry by
1-1, ifxu=0

b(x,u,A) = .
—xu, ifxu<o,

Then
1, ifxu=0

—xu, ifxu<o,

l_)(x, u) = {

fis pseudo B-vexbutnotB-vexat x=—1/4, u=-1/2,A=1/2.

Theorem 22. Pseudo convex= Pseudo B-vex
P
where b(x, u) =0 for some x,ue X
Define a function f: X(=]-1,1)) = R by f(x) = x%, and

define b: X x X — R, by
1, ifxu#0

b(x,u) =
0, ifxu=0,
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f is pseudo B-vex but not pseudo convex x =-1/2, u =0.

Theorem 23. Invex w.r.t.n = B-invex w.r.t.samen

<
where b(x, u) = 1. However, if b(x, y) # 1, the converse is not true.
Define a function [ : X(=]0,7/2[) — R by f(x) = x+ sinx, and
definen: X x X — Rby

n(x,u) =2(sinx —sinu)/cosu

andb: X x X — R,

b(x,u)=2

f is B-invex with respect to 7 but is not invex with respect ton at x =n/4, u = /6.

Theorem 24. Every B-invex function f with respect to 1, where b(x,u) >0,V x,u € X, is invex with
respect to some 7, where

(x, u) =n(x, u)/ b(x, u)

Theorem 25. Every quasi B-invex function f with respect to 7, is quasi-invex with respect to some 7,
where

N(x,u) =n(x,wb(x,u), v x, uc X.

Theorem 26. Pseudo-invex w.r.t. = Pseudo B-invex w.r.t.the same 7
<«

when b(x, u) =0, forsome x,u € X

Define a function f: X(=]0,,7/2[) — R by f(x) = cosx, and

definen: X x X — R by

nx,u)=u-x
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and b: X x X — R, by

{ 0, ifx=u
b(x,u) =

xu, ifx<u,

f is pseudo B-invex w.r.t. 7 but not pseudo invex w.r.t. n at x = /3, u = /6.

Theorem 27. Quasi-invex w.r.t. n = Quasi B-invex w.r.t. the same 7
&=
when b(x, u) =0, forsome x,u € X
Define a function f: X(=]0,,7/2[) — R by f(x) = sin®x, and
definen: X x X — R by
n(x, u) = cosu(sinu— sinx)

and b: X x X — R, by
0, ifx=su

b(x,u) = {

xu, ifx>u,

f is quasi B-invex w.r.t.  but not quasiinvexw.r.t. nat x =n/6, u =m/3.

Theorem 28. Every differentiable B-vex function is B-invex function with respect to some 1, where
b(x,u) = lim b(x,u,A),
A—0,

but not conversely.
Define a function f : X(=]0,7/2[) — R by f(x) = sinx, and

definen: X x X — Rby
(sinx—sinu)/cosu, ifx=u

n(x, u) ={

0, ifx<u,

and b: X x X x[0,1] — R, by

1, ifx=
b(x,u,A) = nr=u
A, ifx<u,
Then,
- 1, ifx=
bix,w) = ifx=u
0, ifx<u,
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f is B-invex function with respect to i, but not B-vex at x = /3, u=1/6, A = 1/2.

Theorem 29. Pseudo B-vex = Pseudo B-invex w.r.t. some 7
P

when b(x,u) =0, forsome x,u € X

Define a function f: X(=] - 7/2,7/2[) — R by f(x) = cos’x, and

definen: X x X — R by

n(x, u) = sinu(cosu— cosx)

and b: X x X — R, by
1, ifxu#0

b(x,u) = )
0, ifxu=0,

f is pseudo B-invex w.r.t. n but not pseudo B-vex at x = —n/3, u =n/6.

Theorem 30. Every differentiable quasi B-vex function is quasi B-invex function with respect to some
1 =X — u, where

b(x,u) = lim b(x,u, 1),
A—0,

but not conversely.
Define a function f: X(=]0,7[) = Rby f(x) = sindx, and
definen: X x X — R by

n(x,u) = cos u(sin u—sin x)

and b: X x X x[0,1] — R, by
xu, ifx=u

b(x,u,A) = {

A, ifx<u,

Then
xu, ifx=u

B(x, u) = {

0, ifx<u,

f is quasi B-invex w.r.t. n butnot quasi B-vexatx=3n/4, u=mn/4, 1 =1/2.
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Theorem 31. B-invex w.r.t. 7 = Pseudo B-invex w.r.t.the same 7
&

Define a function f: X(=]0,7[) = Rby f(x) = sindx, and

definen: X x X — R by

n(x, u) = cos u(sin u—sin x)

and b: X x X — R, by
xu, ifx=u

0, ifx<u,

b(x,u) = {

f is pseudo B-invex w.r.t.  but not B-invex w.r.t. nat x =n/3, u = n/6.

Theorem 32. B-invex w.r.t. 1 = Quasi B-invex w.r.t. the same 1
&
Define a function f: X(=]0,7[) — R by f(x) = sin’x, and
definen: X x X — R by
n(x, u) = cos u(sin u—sin x)
and

xu, ifx=u

0, ifx<u,

I_a(x, u) = {

f is quasi B-invex w.r.t. 7 but not B-invex w.r.t.  at x = /3, u = 57/6.

Theorem 33. Convex set = Invexsetw. 1. t. n(x,u) = x— u
&

The set S= R ~] —1/2,1/2[ is invex with respect to n, where

x—u, ifx>0, u>00rx<0, u<0

n(x, u) ={

u-—x, ifx<0,u>00rx>0, u<o,

But S is not convex.
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Theorem 34. Every convex function is B-preinvex w.r.t. n, by, by, where
nx,u)=x—-u,by =1, by=1-4,
but not conversely.

Let S§=]0,7/2[. Then S is invex w.r.t. , where

(sinx—sinu)/cosu, ifx=u

n(x, u) ={

0, ifx<u,

Let f: S — R be defined by f(x) =sinx. Then fis B-preinvex w.r.t. 1, by, bp, where

by(x,u,0) =1,
1-2, ifx=u0<A=<l1
bi(x,u,A) = )
1, if x <u,
A, ifx=u0<A=<l
bo(x,u,A) = )
0, ifx<u.

But fis notconvexat x=n/6, u=7n/3, 1 =1/2.

Theorem 35. Every preinvex function w.r.t. i) is B-preinvex w.r.t. 1, by, by, where
by = A, by =1—- A, but not conversely.
The function defined in Theorem-34, is B-preinvex w.r.t. 1, by, b», defined there, but not preinvex w.r.t.

natx=mn/6,u=mn/3,1=1/2.

Theorem 36. Every B-vex function w.r.t. by, by,is B-preinvex w.r.t. 7, by, by, where n(x, u) = x — u; but
not conversely.
The function defined in Theorem-34, is B-preinvex w.r.t.n}, by, b», defined there, but f is not B-vex w.r.t.

b1, by, atx=n/3, u=m/6,1=1/2.

Theorem 37. Suppose that g is B-preinvex on an invex set w.r.t. , by, b», and g(x) >0V x€ X.Thenl/g

is B-preincave on X w.r.t. , and some by, b.
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But the similar result does not hold preinvex functions. Let S =]0,7/2[, and let

(sinx—sinu)/cosu, ifx=u

nan={

X—u, ifx<u,
Then S is invex w.r.t. 7.
Define f:S— Rby f(x) =x. Then f(x) =x>0V x € Sand{is preinvexon Sw.r.t. n, but g=-1/f isnot

preinvexw.r.t.n,atu=mn/6, x=n/3, A =1/2.

Theorem 38. If f is B-preinvex on an invex set X € R" w.r.t. 1, by, b, and by (x,u,A) >0V x,u € x,
0 <A <d <1, forsome fixed d € R, then everylocal minimum of f over X is a global minimum of f over

X.

Theorem 39. There exist functions which are prequasiinvex w.r.t. 7, but not B-preinvex w.r.t. 7, by,
b», where by (x,u,A) >0, forsomed,0<A<d<]1.

Let S=R~]—-1/2,1/2[. Then S is invex w.r.t. 1, where

x—u, ifx>0, u>00rx<0, u<0

MLM={

u—-x, ifx>0 u<0orx<0, u>0,

Let f : S — R be defined by
x+1, ifx<-1,
fx=1 0, if-1<x<1,
1-x, ifx>1.

f is prequasiinvex w.r.t. 1, but not B-preinvex w.r.t. 1, by, b2, where by (x,u,A) >0,for0 <1 <d <1, as

x =3/4is alocal minimum of f over S but not a global minimum of f over S.

Theorem 40. Every (a, 1)-convex function is B-preinvex w.r.t. 1, by, by, where
n(x,u) =x—u, by = A, b, =1 - A, but not conversely.
Let S=]0,7/2[. Then S is invex w.r.t. 7, where

(sinx—sinu)/cosu, ifx=u

M&WZ{

0, ifx<u,
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Let f: S — R be defined by f(x) =sinx. Then fis B-preinvex w.r.t. 1, by, bp, where

by(x,u,0) =1,
1-1, ifx=u0<A<l1
by (x,u,A) = .
1, if x <u,
A, ifx=u0<A=<l
b?_(x’uyl): 1 =
0, ifx<u.

fis B-preinvex w.r.t. n, by, by, but not (a, 1)-convex for « = A, by = 1.

Theorem 41. Differentiable B-vex = (p, 0)-pseudo- B-vex

&
where
b(x, y) = Alir{)l+ b(x,y,A)
Consider f(x) =x+ x3.
Define 6: D x D — R by
o= { T 82

Taking p = —1. Define b: D x D x [0,1] — R, by

1-1 ifx=y,
b(x,y, A) = .
0 ifx<y.
Then
- 1 ifx=y,
b(x,y)={ ) Y
0 ifx<y.

fis (p,@)-pseudo-B-vex but not B-vexatx=-1/4, y=-1/2, A=1/2.

Theorem 42. Pseudo-convex = (p,0)-pseudo-B-vex
e

when b(x,y)=0 for some x,y € D.

159
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Consider f(x) = x>. Define 8 : D x D — R by

Vy—x ify>x,
B(x,y)={ Y ] Y
0 ifx=y.
Taking p = -1. Define b: D x D — R, by
1 ifxy#0,
b(x,y)z{ _ Y
0 ifxy=0.

fis (p,0)-pseudo-B-vex but not pseudo-convex at x = -1/3, y =0.

Theorem 43. Every invex function f w.r.t. 1 is (p, 8)-n-B-invex w.r.t. the same 7,
where b(x, y) = 1 but not conversely when b(x, y) # 1.
Consider f: (0, Z) — R by f(x) =sinx.

Define 6: D x D — R by

X— ifx>y,
H(x,y)z{ Y _ Y
0 ifx<y.
Taking p = —1. Define b: D x D — R, by
2 ifx=y,
b(x,y) = _ Y
0 ifx<y.
Definen: D x D — R by
nx, y)=x-y.

fis (p,n)- 6-B-invex, but not invex w.r. t. the samenat x = 7 and y =

SIE

Theorem 44. Pseudo-invex w.r. t. 1 = (p,6) —n-pseudo-B-invex w.r. t. the same 7
po
when b(x,y)=0 for some x,y € D.

Consider f: (0, Z) — R by f(x) = cosx. Define 6 : D x D — R by

Vy—x ify>uzx,

0(x, y) =
.y {0 ifysux.
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Taking p = -1. Define b: D x D — R, by

0 ifx=y,
b(x,y)z{ . Y
xy ifx<y.
Definen: D x D — R by
nx, y)=y-x.

fis (p,0)-n-pseudo-B-invex w.r. t. 7 but not invex w.r. t. the same 7 at x = %, y=

S|

Theorem 45. Quasi-invex w.r. t. n = (p,0) —n-quasi-B-invex w.r. t. the same n
P
Consider f: (0, Z) — R by f(x) =sinx.

Define 8: D x D — R by

Vy—-x ify>zx,
0(x, y) = Y ,y
0 ifysux.
Taking p = —1. Define b: D x D — R, by
0 ifx=y,
b(x,y)={ . Y
xy ifx<y.
Definen: D x D — R by
nx y)=y-x.

fis (p,0)-n-quasi-B-invex w. r. t.  but not quasi-invex w.r. t. the samenatx=§, y = 3.

Theorem 46. B-vex = (p,0) — n-B-invex w.r. t. the same
&~
where

b(x,y) = lim b(x,y,A).
(x, ) ALH& (x, y,A)

Consider f: (0, Z) — R by f(x) =sinx. Define 8: D x D — R by

x—y ifx>y,

0(x,y) =
(x, ) {0

ifx<y.
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Taking p = -1. Define b: D x D x [0,1] — R, by

1 ifx=y,
b(x,y, A) =

A ifx<y.

Then Define b: D x D — R, by
- 1 ifx=y,
b(x, y) = ' Y

0 ifx<y.

Definen: D x D — R by
nx, y)=x-y.

fis (p,0) —n-B-invex butnot B-vexat x=%, y=%,and A, = %

Theorem 47. B-invex w. . t. 7 = (p,0) —n-quasi-B-invex w.r. t. the same
pos
Consider f: (0, ) — R by f(x) =sinx.

Define 6: D x D — R by

Vy—x ify>zx,
mnw={ Y ,y
0 ifysux.
Taking p = —1. Define b: D x D — R, by
0 ifx=y,
M&w={ . Y
xy ifx<y.
Definen: D x D — R by
ne,y=y-x

fis (p,0) —n-quasi-B-invex w.r. t. n but not B-invex w. r. t. the same n at x = %, y=

WS

Theorem 48. Every Frechet differentiable invex function f is p-(n,8)-invex for p < 0.
The converse is true p = 0, but for p < 0, this is false.
Let f: (0, %) — R be a mapping defined by

flx) =—x5.
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Let the maps 1 and 6 be defined by

7.2 y—x ify>x,
, X) =
T 0 ify=sx.
and

Vy—x ify>zx,

9mm={ Y _y

0 ify=x.

Taking p = -1,

f is p-(n,0)-invex but not invex at x = i, y=

W=

Theorem 49. Differentiable quasi-invex = p — (7,0)-quasi-invex

pr
Consider f:(0,%) — R by f(x) = sinx.
Let the maps 1 and 6 be defined by
ny,x)=x-y
and
X — ify<zx,
9mm={ y_y
0 ify>x.
Taking p = -1,

)

fis p — (n,0)-quasi-invex but not quasi-invex at x = 3 and y =

B

Theorem 50. Differentiable pseudo-invex = p — (n,0)-pseudo-invex
&
Consider f:(0,%) — Rby f(x) =sinx—1.

Let the maps 1 and 6 be defined by

ny,x) =

siny—sinx ify>x,
ify=x.

and

vsinx—siny ifx>y,

0(y,x) =
»%) {0 ifx<y.
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Taking p = —1.

fis p — (n,0)-pseudo-invex but not pseudo-invex at x = % and y =

S|

Theorem 51. B-invex = p — (n,0)-B-invex
<

when b(x, u) #0

Consider f:(0,%) — R by f(x) =sinx.

Let the functions  and 8 be defined by

nx,u)=x—-u

and

vVx—u ifx>u,
O(x,u) =
0 ifx<u.

Let b: X x X — R, be a function defined as

- { xu ifx=u,
b(x,u) =

0 if x < u.

Taking p = —1.

fis p - (n,0)-B-invex but not B-invex with respect ton at x =% and u =

Theorem 52. Pseudo- B-invex = p — (1,0)-pseudo-B-invex
<=
Consider f: (0, Z) — R be a function defined by f(x) = sinx + x.

Let the functions 7 and 6 be defined by

n(x, u) =

sinx—sinu ifx> u,
ifx<u,

and

Vsinu—sinx ifu> x,
0(x,u) = 0

ifu<x.

SIE]
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Define b: X x X — R, as
b(x,u) =2.
Taking p = —1.

fis p — (n,0)-pseudo-B-invex but not pseudo-B-invex with respect ton at x = § and u =

ESE

Theorem 53. Quasi- B-invex = p — (1,0)-quasi-B-invex
<

Consider f:(0,%Z) — Rby f(x) = cosx.

Let the functions 17 and 6 be defined by

nx,u)=u-x

and

Vx-—u ifx>u,
O(x,u) = 0

ifx<u.

Taking p = -1. Define b: D x D — R, by

xu ifx=u,
b(x,u) = ]
0 ifx<u.
fis p — (n,0)-quasi- B-invex but not pseudo- B-invex with respect to i at x = % and u= %.

Theorem 54. There exist invex functins which are not quasi-convex and there exist

quasi-convex functions which are not invex.

Consider f(x) = x3 is quasi-convex is not invex for any 7.

Similarly the functin f : R? — R given by
fx,y)=-x*+xy—e’

is invex but not quasi-convex.
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Theorem 55. Let ¢ : R — R be a monotone increasing differentiable convex function.

If fis invex, then the composite function ¢ o f is invex.

Theorem 56. If f is differentiable function and there exists a sequence {¢,} of positive real

numbers such that t, — 0 as n — oo and

fy+my)stuf)+A-1t)f(y)

for all x, y on the domain of f, then fis invex.
Theorem 57. Iffis differentiable and pre invex (with respect to 1), then it is invex (with respect to same 7).

Theorem 58. If f is differentiable and invex, it need not be pre-invex. Infact pre invexity is a stronger
condition than invexity.

Consider the function f : R — R given by f(x) = x2.

fis invex with respect to 7 given by

2 2
n(x y): x2yy lfJ/?fO,
0 ify=0

fy+mx,y)<tfx)+AQ-0f()
holds if and only if
2t —2x2)2 + 1) <0,

That is t=0 or x=y=0.

Theorem 59. Suppose that A is a pre-invex set with respect to n and f : X — R is differentiable, where X
is open and A c X. Further suppose that f is invex with respect to 7 on A and that 7 satisfies condition C.

Then f is pre-invex with respect to 7 on A.



Journal of Orissa Mathematical Society 167

Theorem 60. Let f : R” — R be semi-invex and let condition C be satisfied. Then f is pre-invex.

Theorem 61. Let f:R"” — R and n: R" — R"” — R" be such that
(i) fis pre-invex

f+m(y,x)-f(x)
t

(ii) sup; = (&,n(y, X))

For some ¢ € R” and ¢ € [0,1]. Then fis semi-invex.

Theorem 62. Let f be a positive function defined on a convex set K < R”.

(i) If fis H-convex on K, then it is L-convex and convex on K but not conversely.

(ii) If fis concave on K, then it is L-concave and H-concave on K but not conversely.

Theorem 63. (i) Any positive linear function on a convex set K < R", except a positive constant, is not
H-convexon K,

(ii) Each positive linear function on K < R" is H-concave on K.

Theorem 64. The reciprocal f of a positive H-convex (concave) function ¢ on K < R” is concave (convex)

on K and conversely.

Theorem 65. Let f be H-concave on K < R". Then fis strictly quasi-concave on K.

Theorem 66. If g is the identity map, then g-convexity of f reduces to convexity, and if g(x) = —x, g-

convexity implies that f is concave.

Theorem 67. If g is the log function and f is g-convex, then

FAx+A -0y < (FeFont
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which is the L-convexity of f.

Theorem 68. g(x) = —% and fis g-convex, if and only if f is H-convex (harmonic convex), given by

1
f()Lx+ (1 —/1)_}/) < 3 11

7@t rm
forx,y € Kand 1€0,1].

Similarly f(x) = % and fis g-convex if and only if f is H-concave.

Theorem 69. (i) If f is affine and g is convex, then f is g-convex.

(ii) If f and g are convex and g is nondecreasing, then f is g-convex.

Theorem 70. f is g-convex if and only if
G={x,0):xeK,aeR,gf(x) <a}

is a convex set.

Theorem 71. Let fis g-convex. Then the set
Ag={xeK:gf(x)<a}

is convex for every real a.

Remark

1.If H(x,y,t) = x+¢(y,x, 1), then
Arcwise convex = g preinvex

2. Ifé(y, x, 1) = tn(y, x), then

g preinvex = preinvex
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Theorem 72. fis g-convex iff for each positive integer n, xy, x2,..., X, € K, p1, p2,.., Pn =0,

prtpzt..+pp=18f(p1x1+paxo+..+ppxn) < p18f(x1) + pgf(x2) +...+ prg f(xn)

Theorem 73. An affine function fis g —yqciff gis g—yqc.

Theorem 74. If fis preinvex and g is monotonically increasing and convex, then fis g-preinvex.

Theorem 75. H-preinvexity=L-preinvexity=preinvexity.

Theorem 76. Let g : I — R be convex and strictly increasing. Let f be sspi with rngf < I. Then f is

ssgpi.

Theorem 77. Let f: R"” — R be g-semi-invex with a given 7 satisfying the condition C and let g be addi-

tive. Then f is g-preinvex with respect to same 7.

Theorem 78. Convex= Invex
&=

Consider f: [0,%] — R be a function defined by f(x) = x +sinx.

sin x; —sin x,

Invex w.r.t. n(x, x2) = cosX;

Not convex for x; = 7, xo = %.

Theorem 79. St. Convex=St. Invex
&

Consider f:[0,%] — R be a function defined by f(x) = —x + cos x.

COS X —COS X;

St. Invex w.r.t. n7(x1, x2) = S,
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Not St. Convex for x; = §, x2 = 7.

Theorem 80. Let f =— | x|V xe K=[-2,2]

and let

x—y ifx=0,y=0,

x—y ifx<0,y<0,

(x,y)=
mey -2-y ifx>0,y<0,

2—-y ifx<0,y>0
It is observed that f is invex with respect to n on K and f and 7 satisfy

Conditions A and C but f is not convex.

Theorem 81. Let I" of R” be an invex set with respect to 77, and let 1 satisfy Condition C.
Then a differentiable function f is prequasiinvex with respect ton on I’
iff for every pair of points x, y € T,

f<sf@=nxyTVfx =<o.

Theorem 82. Let f and 7 satisfy Condition C. Assume that the differentiable function fis

pseudoinvex with respect to n on an invexsetI' of R” and V x,ye T

f=sf=fy+nxy) = fx).

Theorem 83. The following two statements are equivalent:
(i) fis B-vex on X € R" w.r.t. some function b: X x X x [0,1] — Ry;

(ii) fis quasiconvex on X.

Theorem 84. f is locally lipschitz on X. If fis b-vex near x € X, with b(x, y,A) continuous on
X x X x[0,1], then for any y € X,

b(y,x,0[f(y) - fX)] = (y—x)T¢ YV Eedf(x).
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Theorem 85. Let f be Lipschitz near x € X and regular at x. If f is quasiconvex at x € X, then there

exists b(y, )[f (1) - fO] = (y—x)T¢E YV E€df ().

Theorem 86. f is quasiconvex on X iff

LYeX, f<fx)=>y-0Té<0,VEedf(x).

Theorem 87. Let f be locally Lipschitz on X. If there exists a function b: X x X — R,
such thatV x,y € X,

by, VIf ) - f]=(y-0"¢VEedf(x)

then fis b-vex on X, where

b(y,x,A) = b(y, Ay + (1 =N x)Ab(, Ay + (1 = A)x) + (1= M) b(x, Ay + (1 - N)x)]" L.

Theorem 88. On the set X, let f be b-vex and bounded below. If there exists a real number
K =0suchthatforanyx,ye Xand A€ (0,1),

1-KA-MA'<b(y,x, ) <1+K1A-)A7!

Theorem 89. f is invex if and only if every stationary point is a global minimum.

Theorem 90. If f has no stationary points then f is invex.

Theorem 91. Pseudo-convex and pseudo-invex functions are both invex, this is not the case with
quasi-convex and quasi-invex functions

M fx) = x°

fis not invex, since the stationary point x=0 is not a global minimum.

x3 is quasi-convex and hence, also quasi-invex.
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(i) f(x) = x} +x1 — 10x3 — xo.
Since there are no stationary points. fis invex.
Taking u=(0,0), x; =2, x» =1, gives f(x) — f(u) <0 but

(x—u) tVf(u) > 0, so that fis not quasi-convex.

Theorem 92. If f is differentiable and there exists an n-dimensional vector function n(x, u) such that

fwu+Anx,u) <Af(x)+1-A)f(u),0=<A=<1.

Theorem 93. Assume that for every y € R”, the function x — 1(x, y) is
differentiable at the point x=y, n(y, y) =0 and n.(y, y) = 1. If fis invex and

fO<fW=2VFnxy) =V x-1y)

and

Vv =0= VI ney,y)v>0.

then fis strongly pseudo-convex.

Theorem 94. If f is pre-invex then f is p.p.i with respect to the same 7.

Theorem 95. Let f be p.q.i. function with respect to 7 and assume that ¢ : R — R is a nondecreasing

function. Then ¢ o f is p.q.i. with respect to the same n
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