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Abstract. In this paper we have estimated the rate of convergence of Fourier series of

functions belonging to the generalized Holder metric space Hy with the norm ||f ||)Ef'J s
|f|l, +A(f, @), by using a new trigonometric mean R;(f3), for B = 2.
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1. INTRODUCTION

Many results are obtained in the theory of approximation, particularly in the study
of approximation of continuous function by polynomials. Perhaps the best known

result is due to Weierstrass [10].

Theorem 1.1. If f € Cla,b], then for every € > O there exists an algebraic polynomial
P such that

| f(x)—P|<e.
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Later the study was extended to approximate the piecewise continuous periodic
function by trigonometric polynomials.The study of the theory of trigonometric ap-
proximation is of great mathematical interest and of great practical importance. Basi-
cally signals are treated as function of single variable and images are represented by
function of two variables. The study of these concepts is directly related to the trend-
ing area of information technology.Then the development happened for dealing with
estimating the error which occurs in approximation. The investigation of this depend
on the smoothness of the approximated function, as well as the study and compari-
son of the approximation properties of various approximation methods such as Euler
mean, Césaro mean, Norland mean, Matrix mean etc. which led to the creation of the
approximation theory of functions, one of the most rapidly developing branches of
mathematical analysis.The approximation of functions by Fourier series, conjugate
series based on trigonometric polynomial is a very closely related topic in the recent
development of engineering and mathematics. In the approximation process it was
observed that we are getting minimum error by taking Fourier coefficients in the n—th
degree trigonometric polynomial. The error approximation of periodic functions be-
longing to generalized Holder metric space using different summability methods is
also an active area of research in the last decades. The degree of approximation of
functions belonging to H, using different summability methods have been studied
by a number of researchers [9, 12, 8, 3, 2, 7] and many others. Recently Nigam and
Rani [11] estimated the approximation of conjugate of a function in the generalized
Holder class H,.

In an attempt to make an advance study in this direction, we estimate the rate of con-
vergence of Fourier series of functions belonging to the generalized Holder metric

space H by using a trigonometric mean Ry (f3), for § = 2.
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2. DEFINITION AND NOTATION

Trigonometric polynomial we mean a function of the form

N
Tl Fix) = Z (ancos(nx) + bysin(nx))
n=0

Where x € R, a,,b, € C,Vn
And the degree of the trigonometric polynomial is N, provided |ay|+ |by| # 0 Let f

be a 27m-periodic and integrable function in the sense of Lebesgue, then the Fourier

series associated with f at any point x is defined by

f(x) ~ %U + i (arcos(kx) + bysin(kx)),Vk > 1
k=1

where ag, a; and b, are Fourier coefficients defined as:

1 T
= —/ f(x)coskxdx.

T.J)-xn

] T
= / f(x)sinkxdx.
TJ)-x

Let n-th partial sum of the above Fourier series is denoted by
n
SnlX) =8, Fi) = Z apcos(kx) + bysin(kx)),

which is called as trigonometric polynomial of degree n, of the Fourier Series of f.

It is known that[14]

T in(n+ 1
i) = 1) = 5 [ 6d0)” it )ty

2w Jo sin (%)

where ¢ (t) = 3 [f(x+1) + f(x—1) = 2 (x)].

Approximation of f € L,[0,2x| by trigonometric polynomials 7,,(f;x) of degree n,



JOURNAL OF THE ORISSA MATHEMATICAL SOCIETY 141

which is obtained from the Fourier series of f is called trigonometric Fourier approx-

imation and the degree of approximation E,( f) is given by [14]

E,(f) = Min|[ f(x) = To(f:0)| -
Let C[0, 27| denote the Banach space of continuous periodic functions with period 27
under the supremum norm. The H®- class of functions has been defined by Leindler
[9] as
“={fecC(0,2n]: ©(8) = O(w(d))},
where @ 1s a modulus of continuity, which is a positive nondecreasing continuous

function on [0,27]. Modulus of continuity with p—norm is given by

®(6) = sup |f(x+h)—f(x)l

0<h<$§
wp(0) = sup ||[f(x+h)—f(x)],
0<h<é
oy (8) = sup )+ fx = h) =210l

Some useful properties of the modulus of continuity are listed bellow:

(i) @(0)=0.
(i1) If 0 < &1 < &2, then w(01) < @W(H).
(iii) If A > 0, then @(A8) < (1+A1)w(0).

Lemma 2.1. /et 0,6 < 1 and ()) non decreasing. Then

Tt/n 7T :
5 [0 5y [* 00,
0 V(D) i 1V(0)

wherev C is a constant.

Recently, the H® space was further generalized by Das, Nath and Ray [2] as follows:
Hy :={f € Lp[0,2x],p > 1: A(f,®) < o},

where

I —£OI
AU ) =g =
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The norm in the space H is defined by

A5 = |1 £1lp +A(f, @)

The completeness of the space H ;" under the above defined norm can be proved by
using the completeness of L,-Space, p > 1.

: : - - v w(27) o
Given the spaces H)’ and H)), if @(t)/v(t) is non-decreasing then || f||;; < max { 1, } -2

P’ P v(2m)
Thus

H® CHY CLyp>1.

Let ) a, be a given infinite series with s,, for its n-th partial sum. Then the R;(j3)
mean,for B = 2 which was introduced by Das, Nath and Ray [1] is defined as follows:

o L i sin vx Sy
T (%) vx ) v

Where I(x) = log % csc %x and /,(x) be the p-th integral of /(x), then

P
zﬁo:%+owmsz

Notice that [(x) ~ @ asx — 07,

We know R (f3), B = 2 is Fourier effective [4] as it satisfies the following conditions:
(i) Z by(x) > lasx— 07,
v=I

(ii) i |by(x)| =0O(1) asx — 0.

(iii) by (x) — 0asx — 0F (for fixed ).



JOURNAL OF THE ORISSA MATHEMATICAL SOCIETY 143

Taking x = L and K = L, we get
(e
L
- SE () o
G li ); ( v%”) Z sin (v+ %) ' (2.4)
H, (1 logn i (“’i“V% ")) %sin (v £ ;) ' 2.5)

3. KNOWN RESULTS
To estimate the the degree of convergence of Fourier series Das et al. [2] have

established the theorem.

Theorem 3.1. Let F =u:u: [0,7m) — [0,00),lim, ,o+u(t) = u(0) and u is nondecreasing.
Let @,v € F suchthat (0/v) € F. If f € H), p > 1, then

IW; (f,) Ol =0 [ B 4

logn Ja/mtv(t)

where W (x; f) is the (T™) transformation of the Fourier series of f at x and @(t)/v(t)

is a modulus of continuity.
Next dealing with 7 /Ay mean Nigam and Rani [11] proved the following theorem.

Theorem 3.2. If ¢ H,Sm class; r > 1, then the error estimation of g by T Ay mean

of its conjugate Fourier series is

| | 1 7%
H-TAH gH(x) ( og(l[+ l)+ | ;1(5) ds) |
&S L5 x(s)
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where T /Ay mean is the superimposing of matrix mean on Holder mean, 1 and

n()
x(t)

-1 ]
Nb | =0 —
;‘ {a.fl (l+])

are moduli of continuity such that are nondecreasing provided

and
(I4+1)b; = O(1).

Further dealing with the degree of approximation by even-type delayed arithmetic
mean of Fourier series in the generalized Holder metric space, Jaeman Kim [6] have

established the theorem.

Theorem 3.3. Let @ and v be moduli of continuity such that f(:)) is nondecreasing.
If fe H}?, for p > 1, then the degree of approximation of f by even-type Delayed
Arithmetic Mean G, .k € 7" of its Fourier series is given by

Ho-n,kn(f;-) _f()H; =0 (’:ﬂ) ‘f‘o(l)%/n %df

T/n
4, MAIN RESULTS

In this paper we have estimated the rate of convergence of Fourier series of func-

tions belonging to the generalized Holder metric space
H, ={f € Ly(0,27m),p > 1: A(f,®) < o}

with the norm ||f\|£,‘”) = ||fll, +A(f, @), by using a trigonometric mean R;(f3), for
p=2,
First we will prove the following lemma which will be used in proving our theorem.
Lemma 4.1.
(’) ‘Gﬂ (t)| = 0( I ) 1t l{ljgn "
(ii) |G,(1)| = O (1%) .
(i) [Hy(1)] = O (1ot ) -
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t9n®

(iv) [Hy()] = O (fo) for0 < 8 < 1.
) 1Ha(t)] = O (kg ) -

Proof.
(1)
K &1 (sin(v/n)\ . 1
Gi(t)| = — — V+— |t
et 1ogn§,v( i )9 (v+3)
1 (sin(1 M 1
< (sm( /n) max Z —sin v+)z‘
logn \ (1/n) J1<MMi<n| /=i, V 2
n_l MHI . ( 1)
< max Z sin| V+ < |t
]Ogn M<M! M <MT e 2
1
=:@(1) ;
ntlogn
(1)

o] (sin(l/n)) .

1<MV MY <n

=M

145
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(iv)

. 53

v=n-+1

|Hn(t)| =

< | =
N
&
Qe
= =
\-_/\E/
S
L
=
P
=
=
b9 |
S
—

logn

_ &l
logrz

”)8 Z
IOgFl V= n+1
zBn—l—l—ﬁ

(v)

LIRS

2,

v=n-+1

1
ntlogn

[Hn(1)| <

() 1),

logn

= 0(1)
L]

Theorem 4.2. Let @ and v be moduli of continuity such that v(t) and ((f}) are non-

decreasing. If f € H}’, for p > 1; then the degree of approximation of [ by Ri(B)

_ , = [ sinvx _ _ ,
trigonometric mean W, (f,x) = —!('r) 2 ( ) ) . for B = 2 of its Fourier series
- %
v=I

is given by

W (£y) = FOIS = 11 )]1S

_”l ()” +9up|“"(°+y)_l"(')||h
= n\- 2] s
! e

v(y)

T
= O(1) max 1 / () dt, 1 .
nlogn Ja/mtv(t) logn
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Proof.
We know| 14] that

& sin(n+1)1
(fi) =10 =5 [0 2t 2ty

2 sin (%)

It can be easily verified that
In(.) =Walf,. ) f()
e 1
/ 29111 r/2 n'log Z’ ( v}’in)) sin (V+§) tdt +16,—1]1(.)

/2511”/2 n(t)dt + f(.)[6, — 1], 4.1)

where 6, — 1 and K, are defined in equation 2.2 and equation 2.3 respectively.
Using 4.1, we get

To4y(t)—9.(1)

o 2sin(r2)  Kndt+(F(49) = )0 —1]

lﬂ(' +y) _ln(') —

By generalized Minkowski’s inequality [14]

It +3) — )l < [ 12D EOe e 1+ 15 +9) - 7l len - 1

_[ 19.4+5() — .l
B [/ T 7‘/”] 2‘3111(2) |Kn( )‘dt+ ”f"H( ) (I)Hp‘en—”

- Iy M ”"lKn(r)ldr

2 5111

n H‘?.—Fy(f)

()l
K, (t)|dt
z/n QSiﬂ(%) | ( )|

__I_

HIFC+y) = FOllpl6n — 1

=I+J+K. (4.2)
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Now, using Lemma 4. ]

[ @4y () — ¢.(2)
"/0 25in(t/2)

B n@) (1 t%n°
B O(l)v(y)/U tv(1) (logn % logn) i

" 9() —0.()|]
e n/n 25111(2) p|Kn()|dr

— o(1)v(y) / ff,((?)

o |k, ()1

1
dt ByL a4d.l).
(nrlogn) By Lemma i)

Lastly by using equation 2.2

= [|f(-4y) = FC)llp[6n]

— ()0 (]fg ) oG+ = FOllp = 0(@())
1

_ o) (v _ _
v(y) 0 (logn) B O(I)V(y)logn'

By putting the values of 7, J, K in equation 4.2, we obtain

TT/n 6,0
I +) = h()llp = 00 0) [ “’(’)( ] )dr

o tv(t) \logn logn

+o()v) f;r/n tv((?) (ntl(l)gn) o

|
o(1 :
(V)
Therefore,
Ly (- — bLi(. 1 /n 0 m/n 6
SupH (-+3) = L(O)llp o )/ alr) ... " / o)’
y#£0 v(y) logn”Jo tv(t) lognJo  tv(r)

i
() [ 20 (]
nlogn /) Ja/mt*Vv(t) logn
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Thus,

115" = 2() | +A(f3 V)

. - y) _ln(-)Hp
— ”zn(')“!}_'_y#g V(y)

ST 51
< J, 1000y s+ 15l 60 =11

+O(1)lolgn. (/x/n[a;((?)(lﬂ )dt+/ﬂ/ﬂ%( )dr+1)

= (igs) v+ (o) Lo

1 T () |
0 / dt By L a2l
* (nlogn) x/n t2V(1) S

1 % 1
:O(l)max{ / wl7) dt, }
nlogn Jg/mtv(t) "logn

Corollary 1. Let o(t) =t* v(t) =tP, 0< B <a < land f € H®, p > 1. Then

1
IWalf,) = FOIB” = (1) :
nlogn
Proof. For o(t) =t*and v(r) =15, 0 < B < o < 1, We observe that
T T o
/ %dr — [ I_dr
Jamtv(t) x/n ttP

:/ la—P=1) 4y
T/n
=0(1)
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Now,

() = [Walf,) = FOIY

n\+) — n\J - JUp

—O(l)max{ : o(1), : } (By theorem 4.2)

|

nlogn logn

= 0(1)maX{0(n1;gn) | 10:1%"}
=a e (m;gn)

1
0 (o).
nlogn
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